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metric spaces. We show that distoq is Lipschitz equivalent to RiefTel's distance 
distq, and give criteria for when a parameterized family of compact quantum 
metric spaces is continuous with respect to distoq. As applications, we show 
that the continuity of a parameterized family of quantum metric spaces induced 
by ergodic actions of a fixed compact group is determined by the multiplicities 
of the actions, generalizing Rieffel's work on noncommutative tori and integral 
coadjoint orbits of semisimple compact connected Lie groups; we also show 
that the 6-deformations of Connes and Landi arc continuous in the parameter 



1. Introduction 

In |S] Connes initiated the study of metric spaces in noncommutative setting in 
the framework of his spectral triple ^01 • The main ingredient of a spectral triple is a 
Dirac operator D. On the one hand, it captures the differential structure by setting 
df ~ [D, /]. On the other hand, it enables us to recover the Lipschitz seminorm L, 
which is usually defined as 

(1) X(/):=sup{^(4^:.^,}, 

where p is the geodesic metric on the Riemannian manifold, instead by means of 
^(/) = ^'^d then one recovers the metric p by 

(2) p{x,y)^ sup |/(x)-/(y)|. 

i(/)<i 

In Section 2 of [H] Connes went further by considering the (possibly +oo-valued) 
metric on the state space of the algebra defined by lO ■ Motivated by what happens 
to ordinary compact metric spaces, in IHfil EZ] Rieffel introduced "compact 
quantum metric spaces" which requires the metric on the state space to induce the 
weak-* topology. Many interesting examples of compact quantum metric spaces 
have been constructed EHl EOl ■ Rieffel's theory of compact quantum metric 
space does not require C*-algebras, and is set up on more general spaces, namely 
order-unit spaces. Also, one does not need Dirac operators, but only the seminorm 
L. 

Motivated by questions in string theory, in |37| Rieffel also introduced a notion 
of quantum Gromov-Hausdorff distance for compact quantum metric spaces, as 
an analogue of the Gromov-Hausdorff distance distcH ^3 for ordinary compact 
metric spaces. This is defined as a modified ordinary Gromov-Hausdorff distance 
for the state-spaces. This distance distq is a metric on the set CQM of all isometry 
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classes of compact quantum metric spaces, and has many nice properties. Two 
nontrivial examples of convergence with respect to distq have been established by 
Rieffel. One is that the n-dimensional noncommutative tori Tg's equipped with 
the quantum metrics induced from the canonical action of T" are continuous, with 
the parameter as n x n real skew-symmetric matrices |37l Theorem 9.2]. The 
other one is that some natural matrices related to representations of a semisimple 
compact connected Lie group converge to integral coadjoint orbits of this group I.SSI 
Theorem 3.2]. In general, it is not easy to show the continuity of a parameterized 
family of compact quantum metric spaces. In particular, the methods used in these 
two examples are quite different. 

In view of the principle of noncommutative geometry, it may be more natural 
to define the quantum distance as a modified Gromov-Hausdorff distance for the 
order-unit spaces (or C*-algebras) directly. Under this guidance, we define an order- 
unit quantum Gromov-Hausdorff distance^ distoq, as a modified ordinary Gromov- 
Hausdorff distance for certain balls in the order-unit spaces (Definition I4.2|l . We 
also introduce a variant distoq for the compact quantum metric spaces with radii 
bounded above by R. Denote by CQM^ the set of all isometry classes of these com- 
pact quantum metric spaces. It turns out that these order-unit quantum distances 
are Lipschitz equivalent to Rieffel's quantum distance. 

Theorem 1.1. distq and distoq are Lipschitz equivalent metrics on CQM, that is 

-distoq < distq < 5distoq; 
o 

while distq and distoq are Lipschitz equivalent metrics on CQM-", that IS 

idist^q < distq < ^dist^q. 

As an advantage of our approach, we can give criteria for when a parameterized 
family of compact quantum metric spaces is continuous with respect to the order- 
unit quantum distance. We introduce a notion of continuous fields of compact 
quantum metric spaces (Definition 16.4(1 , as a concrete way of saying "a parameter- 
ized family" . This is an analogue of continuous fields of Banach spaces ^3 Section 
10. 1]. Roughly speaking, these criteria say that the family is continuous under 
quantum distances if and only if continuous sections are uniformly dense in the 
balls (the set 'D(At) in below) we use to define the order- unit quantum distance. 

Theorem 1.2. Let {{{At, Lt)}, F) be a continuous field of compact quantum metric 
spaces over a locally compact Hausdorff space T. Let to S T, and let {/,i}rieN be 
a sequence in F, the space of continuous sections, such that {fn)to G ^{Atf,) for 
each n e N and the set {(/n)to : n e N} is dense in 'D{Atg). Then the following are 
equivalent: 

(i) distoq (^t, ^to) ^ as t ^ to; 

(ii) distGii{V {At), V {At,)) ^ as i -> to; 

(iii) for any e > 0, there is an N such that the open e-balls in At centered at 
{fi)t, • • 'j (/a?)* cover 'D{At) for all t in some neighborhood U of to- 
Similar criteria are also given for convergence with respect to dist^^ (Theo- 
rem I7.I|I , which is useful when the radii of the compact quantum metric spaces 
are known to be bounded above by R. 
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An important class of compact quantum metric spaces come from ergodic actions 
of compact groups 35 . Let G be a compact group with a fixed length function 
I given by l{x) = d{x,eG), where x € G and cZ is a left-invariant metric on G 
and ec is the identity. For an ergodic action a of G on a unital G* -algebra A 
{i.e. the only a-invariant elements are the scalar multiples of the identity of A), 
Rieffel proved that the seminorm L{a) = sup{ ^^"""ff)""^^ : x £ G,x ^ ec} makes 
A into a compact quantum metric space [351 Theorem 2.3]. This includes the 
examples of noncommutative tori and coadjoint integral orbits mentioned above. 
In general, one can talk about ergodic actions of G on complete order-unit spaces 
A. When the action a is finite in the sense that the multiplicity mul(A , 7) of every 
equivalence class of irreducible representations 7 S G in the induced action a (8) / on 
A — A(^Cis finite (which is always true in G* -algebra case ^1 Proposition 2.1]), 
the same construction also makes A into a compact quantum metric spaces. Using 
our criteria for quantum distance convergence (Theorem I7.1|l we give a unified 
proof for the two examples above about continuity of noncommutative tori and 
convergence of matrix algebras to integral coadjoint orbits, and show in general 
that a parameterized family of compact quantum metric spaces induced by ergodic 
finite actions of G is continuous with respect to distoq if and only if the multiplicities 
of the actions are locally constant: 

Theorem 1.3. Let {at} be a continuous field of strongly continuous finite ergodic 
actions of G on a continuous field of order- unit spaces ({At},r) over a locally 
compact Hausdorff space T. Then the induced field {{{At, Lt)},r) (for a fixed I) is 
a continuous field of compact quantum metric spaces. For any to (z T the following 
are equivalent: 

(i) limt^to mul(^t , 7) ^ imil{Ato , 7) for all 7 G G; 

(ii) limsupj^ijj mul(^t ,7) < mu\{Atg ,7) for all 7 e G; 

(iii) distoq (At, At J as t io- 

In |13| Connes and Landi introduced a one-parameter deformation Sg of the 
4-sphere with the property that the Hochschild dimension of Sg equals that of 5"*^. 
They also considered general 0-deformations, which was studied further by Connes 
and Dubois- Violette in (see also 01]). In general, the ^-deformation Mg of 
a manifold M equipped with a smooth action of the n-torus T" is determined 
by defining the algebra of smooth functions C°°{Mg) as the invariant subalgebra 
(under the diagonal action of T") of the algebra G°°(M x Tg) :== C°° {M)^C°° {Tg) 
of smooth functions on M x T^; here is a real skew-symmetric n x n matrix 
and Tg is the corresponding noncommutative n-torus. When M is a compact spin 
manifold, Connes and Landi showed that the canonical Dirac operator {D, Ti.) on M 
and a deformed anti- unitary operator Jg together give a spectral triple for C°°{Mg), 
fitting it into Connes' noncommutative Riemannian geometry framework jlUI 111) . 

Intuitively, the ^-deformations are continuous in the parameter 9. Quantum 
distances provide a concrete way for us to express the continuity. In I27j we showed 
that when M is connected, {C°°{Mg))sa equipped with the seminorm Lg determined 
by the Dirac operator D is a compact quantum metric space. Denote by Q the space 
of all n X n real skew-symmetric matrices. In Section we shall see that there is 
a natural continuous field of G*-algebras over 8 with fibres C{Mg). Denote by F*^ 
the space of continuous sections of this field. As another application of our criteria 
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for quantum distance convergence, we show that ^-deformations are continuous 
with respect to distoq: 

Theorem 1.4. Let M be a connected compact spin manifold with a smooth action 
of T". Then the field ({((C°°(Me))sa, Le)}, (r*^)sa) is a continuous field of compact 
quantum metric spaces over 9. And distoq{{C°° {Mg))sa, {C°° {Mgg))sa) ^ as 

This paper is organized as follows. In Section [3 we review briefly the Gromov- 
Hausdorff distance for compact metric spaces and Rieffel's quantum distance for 
compact quantum metric spaces. Via a characterization of state-spaces of compact 
quantum metric spaces, a formula for Rieffel's distance distq is given in Section 13 

In Section 0] we define the order-unit Gromov-Hausdorff distance distoq and 
prove Theorem 11.11 One important aspect of the theory of (quantum) Gromov- 
Hausdorff distance is the (quantum) compactness theorem. In Section |5l we give a 
reformulation of Rieffel's quantum compactness theorem in terms of the balls we 
use to define the order-unit distance. The notion of continuous fields of compact 
quantum metric spaces is introduced in Sectional In Section|Z|we prove our criteria 
for quantum distance convergence. 

The sections I8I1UI are devoted to an extensive study of compact quantum metric 
spaces induced by ergodic compact group actions, where we show how multiplicities 
of the actions dominate the metric aspect of such spaces. In Section|Hlwe show that 
an ergodic action induces a compact quantum metric space only when the action 
is finite. In Section IHl we investigate when a family of compact quantum metric 
spaces induced from ergodic actions of a fixed compact group is totally bounded. 
Theorem II. 31 is proved in Section [TUI 

Finally, we prove Theorem 1 1.41 in Section ITTI 

Acknowledgments. This is part of my Ph.D. dissertation submitted to UC Berke- 
ley in 2002. I am indebted to my advisor. Professor Marc Rieffel, for many helpful 
discussions, suggestions, and for his support throughout my time at Berkeley. I 
also thank Thomas Hadfield and Frederic Latremoliere for valuable conversations. 

2. Preliminaries 

In this section we review briefly the Gromov-Hausdorff distance for compact 
metric spaces ^JEIIH] and Rieffel's quantum distance for compact quantum metric 

spaces EHlEniEZIEHllini- 

Let {X,p) be a metric space, i.e. p is a metric on the space X. For any subset 
y C X and r > 0, let 

Br{Y) = {x £ X : p{x, y) < r for some y £ Y} 

be the set of points with distance less than r from Y. When Y — {x}, we also write 
it as Br{x) and call it the open ball of radius r centered at x. 

For nonempty subsets Y, Z Q X , we can measure the distance between Y and Z 
inside of X by the Hausdorff distance disty(y, Z) defined by 

dist^(y, Z) inf{r > : F C Br{Z), Z C Br{Y)}. 

We will also use the notation dist^ (F, Z) when there is no confusion about the 
metric on X. 
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For any compact metric spaces X and Y , Gromov |17j introduced the Gromov- 
Hausdorff distance, distcH {X, Y) , which is defined as 

distGH(^, Y) inf{distH(/ix(^), /iY(i^))| hx : X ^ Z, hy : Y ^ Z are 

isometric embeddings into some metric space Z}. 

It is possible to reduce the space Z in above to be the disjoint union X ]J F. A 
distance p on X ]J y is said to be admissible if the inclusions X,Y ^ XY[Y are 
isometric embeddings. Then it is not difficult to check that 

distcnC-'^, Y) = inf{dist^(X, Y) : p is an admissible distance on X Y}. 

For a compact metric space {X, p), we shall denote by diam(X) := max{/9(a;, y)\ 
x,y & X} the diameter of X. Also let rx = be the radius of X. For any 

£ > 0, the covering number Covp(X, e) is defined as the smallest number of open 
balls of radius e whose union covers X. 

Denote by CM the set of isometry classes of compact metric spaces. One impor- 
tant property of Gromov-Hausdorff distance is the completeness and compactness 
theorems by Gromov |17| : 

Theorem 2.1 (Gromov's Completeness and Compactness Theorems). The space 
(CM, distcn) is a complete metric space. A subset S C CM is totally bounded {i.e. 
has compact closure) if and only if 

(1) there is a constant D such that diam(A, p) < D for all {X, p) G S\ 

(2) for any e > 0, there exists a constant > such that Covp(A', e) < for 
all (X, p) € S. 

Next we recall Rieffel's quantum Gromov-Hausdorff distance distq for compact 
quantum metric spaces. 

Rieffel has found that the right framework for compact quantum metric spaces is 
that of order-unit spaces. There is an abstract characterization of order-unit spaces 
due to Kadison |20[ IT] . An order-unit space is a real partially ordered vector space, 
A, with a distinguished element e (the order unit) satisfying: 

1) (Order unit property) For each a G A there is an r S R such that a < re; 

2) (Archimedean property) For a E A, ii a < re for all r e M with r > 0, then 
a < 0. 

On an order-unit space (A, e), we can define a norm as 

||a|| — inf{r G M : —re < a < re}. 

Then A becomes a normed vector space and we can consider its dual, A' , consisting 
of the bounded linear functionals, equipped with the dual norm || • ||'. 

By a state of an order-unit space (A, e), we mean & p G A' such that /i(e) — 
WpW = 1. States are automatically positive. Denote the set of all states of A by 
S{A). It is a compact convex subset of A' under the weak-* topology. Kadison's 
basic representation theorem says that the natural pairing between A and S{A) 
induces an isometric order isomorphism of A onto a dense subspace of the space 
AfR(5'(A)) of all affine R- valued continuous functions on S{A), equipped with the 
supremum norm and the usual order on functions. 

For an order-unit space {A, e) and a seminorm L on A, we can define an ordinary 
metric, pL, on S{A) (which may take value +oo) by (jSJ. We say that i is a Lipschitz 
seminorm on A if it satisfies: 

1) For a E A, we have L{a) = if and only if a G Me. 
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We call L a Lip-norm, and call the pair (A, L) a compact quantum metric space 
\M\ Definitions 2.1, 2.2] if L satisfies further: 

2) The topology on S{A) induced by the metric pL is the weak-* topology. 
The diameter diam(A), the radius rA, and the covering number Cov{A, s) of (A, L) 
are defined to be those of {S{A), p^)- 

Let (A, e) be an order-unit space with a Lipschitz seminorm L. Then L and || • |j 
induce norms L and || • ||~ respectively on the quotient space A — A/Re. The dual 
of {A, II • ||~) is exactly A"^ = {X E A' : A(e) = 0}. Now L induces a dual seminorm 
L' on A'^, which may take value +oo. The metric on S{A) induced by 10) is related 
to V by: 

(3) pl{p^,v) ^ L'{^i- v) 

for aU ^, e S{A). 
Notation 2.2. For any r > 0, let 

Vr{A) := {a e A 
When L is a Lip-norm on A, set 

V{A): 

Proposition 2.3. 35, Proposition 1.6, Theorem 1.9] Let (A, e) be an order-unit 
space with a Lipschitz seminorm L. Then L is a Lip-norm if and only if 
(1) there is a constant K >Q such that L' < K\\ ■ \\' on A'°; 
or (1') there is a constant K > such that || • ||~ < KL on A; 
and (2) for any r > 0, the ball VriA) is totally bounded in A for || • ||; 
or (2') for some r > 0, the ball I?r(^) is totally bounded in A for || • ||. 
In this event, the minimal K is exactly r^. 

Let A be an order-unit space. By a quotient (tt, B) of A, we mean an order-unit 
space B and a surjective linear positive map tt : A ^ B preserving the order-unit. 
Via the dual map tt' : B' ^ A' , one may identify S{B) with a closed convex subset 
of S{A). This gives a bijection between isomorphism classes of quotients of A and 
closed convex subsets of S{A) |23 Proposition 3.6]. If i is a Lip-norm on A, then 
the quotient seminorm Lb on B, defined by 

Leib) := inf{i(a) : 7r(a) = b} 

is a Lip-norm on B, and Tr'\s{B) '■ S{B) S{A) is an isometry for the corresponding 
metrics and plb SlL Proposition 3.1]. 

Let {A, La) and {B,Lb) be compact quantum metric spaces. The direct sum 
A(B B, of vector spaces, with (6^,6^) as order-unit, and with the natural order 
structure is also an order-unit space. We call a Lip-norm L on A® B admissible if 
it induces La and L b under the natural quotient maps A(B B A and yl © i? — > 
B. Rieffel's quantum Gromov-Hausdorff distance distq(A, B) |37l Definition 4.2] is 
defined by 

distq(A, B) = inf{dist^^ (SiA), S{B)) : L is an admissible Lip-norm on A B}. 

Let {A, L) be a compact quantum metric space. Let A be the completion of A 
for II '11. Define a seminorm, i, on A (which may take value -\-oo) by 

L{b) := infjliminf L(a„) : a„ G A, lim a„ = 6}. 

n — *C30 n — >C50 



■.L{a)<l,\\a\\<r}. 
^VrAA). 
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The closure of L, denoted by i^, is defined as the restriction of L to the subspace 

A" ■.= {beA: L{b) < oo}. 

Then L"^ is a Lip- norm on A'^, and pL — pl" on S{A) — S{A'^) 36, Theorem 4.2, 
Proposition 4.4]. Identify A with AfR(S'(A)). Then A"^ is exactly the space of 
Lipschitz functions in AfR(S'(A)), and i"^ is just the Lipschitz seminorm defined by 
Q 37, Proposition 6.1]. We say that L is closed if L equals its closure. 

Let (A, La) and {B,Lb) be compact quantum metric spaces. By an isometry 
from {A, La) to {B,Lb) we mean an order isomorphism ip from A'^ onto B'^ such 
that = Lg o The isometries from {A, La) to {B,Lb) are in natural bijec- 
tive correspondence with the affine isometries from {S{B), p^^) onto {S{A), p^^) 
through if 1-^ (/3'|s(B) ISZl Corollary 6.4]. 

Denote by CQM the set of isometry classes of compact quantum metric spaces. 
Rieffel also proved a quantum version of Gromov's completeness and compactness 
theorems |^ Theorems 12.11 and 13.5]: 

Theorem 2.4 (Riefl^el's Quantum Completeness and Compactness Theorems). The 
space (CQM, distq) is a complete metric space. A subset S C CQM is totally 
bounded if and only if 

(1) there is a constant D such that diam(A, L) < D for all {A, L) e S; 

(2) for any e > 0, there exists a constant > such that Cov{A, e) < for 
ah {A, L) e S. 

3. A CHARACTERIZATION OF STATE-SPACES OF COMPACT QUANTUM METRIC 

SPACES 

In this section we give a characterization of state-spaces of compact quantum 
metric spaces in Proposition 13. II and use it to give a formula for Rieffel's distq in 
Proposition 

Proposition 5.7 and Corollary 6.4 in tell us that for compact quantum metric 
spaces {Bi,Li), i = 1,2, if their state-spaces are affinely isometrically embedded 
into the state-space S{A) of some other compact quantum metric space (A, L), then 

distq(Bi,B2) < dis4^^\S{Bi),S{B2)). 

This provides a powerful way of getting upper bounds for distq(i3i , i?2)- In practice, 
it is quite easy to embed the state-space of a quantum metric space into some other 
compact metric space. So we need to find out what kind of compact metric spaces 
can be the state-space of a compact quantum metric space. 

Throughout the rest of this section, locally convex topological vector spaces 
(LCTVS) will all be Hausdorff. Let X be a compact convex subset of a LCTVS V 
over R. Then (AfR(X), Ix) is an order-unit space. For each g X, the evaluation 
at /i induces a linear function cr(/i) on AfR(X). Clearly 

(a(^))(l3e) = l = |kOi)||. 

So a{p,) is a state of AfR(X). This defines an affine map cr : X ^ 5'(AfR(X)). Let 
p be a metric on X. We say that p is midpoint-balanced |36l Definition 9.3] if for 
any p, v, p' , v' G X with ^'"^'^ — ^ ^'^ , we have p{p, v) = p{p' , v'). We say that p is 
convex if for any /i, p' , v' d X and < i < 1, we have 

p{tp + (1 - t)p', it/ + (1 - t)iy') < tp{p, i^) + il- t)p{p', v'). 



8 



HANFENG LI 



Proposition 3.1. Let X be a compact convex subset of a LCTVS V, and let p be 
a metric on X compatible with the topology. Then (X, p) is affinely isometric to 
(S'(A), pl) for some compact quantum metric space {A, L) if and only if the metric 
p is convex and midpoint-balanced. In this event, the closed compact quantum 
metric space is (Af r (X)i,, Lp), unique up to isometry, where AfR(X)L is the space 
of Lipschitz functions in AfR(X) and Lp is the Lipschitz seminorm defined by l[T]l. 

Proof. Assume that (X, p) is affinely isometric to {S{A)^ p^) for some compact 
quantum metric space {A, L) . It is easy to check directly from |(5J that the metric 
PL and hence p are convex and midpoint-balanced. 

Conversely, assume that the metric p is convex and balanced. Elements in the 
dual V' separate the points in V by the Hahn-Banach theorem. Since the restric- 
tions of elements in V' to X are all in AfR(X), we see that functions in AfR(X) 
separate the points of X. Theorem II. 2.1 in tells us that cr is a homcomor- 
phic embedding of X into S'(AfR(X)), and that a{X) contains the set of extreme 
points of S'(AfR(X)). Since a{X) is convex and closed, we see that a is surjec- 
tive. Hence we may identify X and S'(AfR(X)). By [201 Lemma 2.1] we have 
(AfR(X))'0 = M(S'(AfR(X)) - S'(AfR(X))) = M(X- X) (see the discussion preceding 
NotationOl. By ^ Theorem 9.7] there is a norm M on (AfR(X))'° = R(X - X) 
such that ly) = M{fj, — i/) for all /i, i/ g X. Then [211 Theorem 9.8] (see also the 
discussion right after the proof of Proposition 1.1 in (221) asserts that (AfR(X)L, Lp) 
is a closed compact quantum metric space and (X, p) is its state-space. The unique- 
ness of such a closed compact quantum metric space follows from 137'. Corollary 
6.4]. ' □ 

Consequently we have the following description of the quantum distance distqi 

Proposition 3.2. Let {A, La) and {B,Lb) be compact quantum metric spaces. 
Then we have 

distq(^,S) = M{dist]^{hA{S{A)),hB{S{B))) : Ha and liB are affine isometric 
embeddings of S{A) and S{B) into some real normed space V}. 

Proof. Denote the right hand side of the above equation by distq(A, B). For any 
admissible Lip-norm L oxi A (B B lei V — {A ® B)'^ equipped with the norm L' 
(see the discussion preceding Notation 12. 2|l . Pick an element p in S{A © B), and 
\et if : S{A ® B) ^ V he the translation x ^-^ x — p. Then if is an affine isomet- 
ric embedding from {S{A ® B),pl) to V according to ©• Hence dist'^{A,B) < 
dist^{ip(S(A)),(p{S{B))) = distal {S (A), S{B)). Thus distq(^, S) < distq(yl, B). 

Now let V,hA and Hb be as in Proposition 13.21 Let X be the convex hull of 
hA{S{A))UhB{S{B)). Clearly X equipped with the distance induced from the norm 
in V is compact, and hence is the state-space of some compact quantum metric space 
(C,Lc) by Proposition O Therefore distq(A,B) < dist^(hA{S{A)), hB{S{B))) 
by 123 Proposition 5.7, Corollary 6.4]. Consequently distq(A, B) < distq(yl, B). □ 

4. Definition of the order-unit quantum Gromov-Hausdorff 

distance 

In this section we define the order-unit Gromov-Hausdorff distance and prove 
Theorem ll.il 

Rieffel's definition of quantum Gromov-Hausdorff distance is a modified ordinary 
Gromov-Hausdorff distance for the state-spaces. In the view of Noncommutative 
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Geometry, whose principle is the duahty between ordinary spaces and appropriate 
vector spaces of functions over the spaces, it may be more natural to do everything 
on the vector spaces of functions directly, avoiding referring back to the state-spaces. 
So it may be more natural to measure the ordinary Gromov-Hausdorff distance for 
the vector spaces of functions directly. But the order-unit spaces of functions are 
not compact, so we can not apply the ordinary Gromov-HausdorfF distance to them. 
One way to get around this difficulty is to consider some core of the vector spaces of 
functions which captures all the information of the order-unit spaces. One natural 
choice is the unit ball. But, unless the order-unit space is finite dimensional, the 
unit ball is not compact either. It also does not remember the Lip-norm. Now 
comes the candidate, T>{A) (see Notation 12.2(1 for closed {A, La)- When ta > 0, 
'D{A) is absorbing, i.e. for every a G A there is some £ > such that \a E 'DiA) 
for all < A < £. Thus ^{A) equipped with the metric induced by the norm of A 
encodes the normed space structure of A. It also captures the Lip-norm: 

Lemma 4.1. Let {A, L) be a closed compact quantum metric space. Then for any 
i? > we have 

(4) {ac. A: L{a) <1} = K.eA+VR{A). 

Conversely, let {B, cb) be an order-unit space, and let X be a balanced {i.e. \x E X 
for allx € X and A e M with |A| < 1), absorbing {i.e. {Xx : A G R+,x E X} = B), 
compact convex subset of B (under the order- unit norm topology). Let R be the 
radius of X. li X = {b G {X + Mes) : |j&|| < R}, then there is a unique closed 
Lip- norm L on B such that X — 'Dji{B). In this case L is also characterized as the 
unique seminorm on B satisfying X + Mcb = {b E B : L{b) < 1}. 

Proof. 0) follows directly from Proposition 12.31 Now let X be as in Lemma f4. II 
Then clearly X + M.eB is also a balanced absorbing convex set. Since X is compact, 
X + M.eB is closed. Let L be the Minkowski functional Theorem 37.4] corre- 
sponding to X + Res , i. e. the unique seminorm on B satisfying that X + Re^ = 
{b e B : L{b) < 1}. Clearly L{eB)=0. Suppose that L{b) = 0. Then for any 
n E N we have nb E X + Re^. Thus there exist a:„ £ X and A„ € R such that 
nb = Xn + KiGb- Since ||a;„|| < i?, we have = ||ix„||~ < ^R in B = B/M-Cb- 
Thus ||fe||~ — 0, and hence b E Re^. Therefore L is a Lipschitz seminorm on B. 
Clearly the condition (1') in Proposition 12 . 31 is satisfied with K = R. The assump- 
tion X = {b E {X + Res) : ||6|| < R} means that X = Vr{B). Note that i? > 
since X is absorbing. Thus the condition (2') in Proposition l2.3l is also satisfied with 
r = R. By Proposition 12. 31 £ is a Lip-norm on B, and rs < R. Since X + Res is 
closed, L is closed. The uniqueness of such a closed Lip-norm follows from Q). □ 

Most importantly, 'C>{A) is compact with the distance induced from the norm on 
A by Proposition l2.3l So we can use it to redefine the quantum Gromov-Hausdorff 
distance. There is one subtle point: we do not know whether 'D{A) remembers the 
order- unit ba or not (see Remark l4.13|l . We shall come back to this point later. 

Now the question is what kind of modified Gromov-Hausdorff distance we should 
put on T>{A). Certainly this modified Gromov-Hausdorff distance should reflect the 
convex structure on ^{A). If we look at the definition of distcH in Section 12 one 
immediate choice for the modified distance is mf{distii{hA{'D{A)),hB{'D{B)))}, 
where the infimum runs over affine isometric embeddings Ha and Kb oi 'D{A) and 
T>{B) into some real normed space V . On the other hand, notice that T>{A) is the 
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state-space of some compact quantum metric space {A, La)' according to Proposi- 
tion l3.1l So we may try to use RiefFel's quantum distance for {A, La)' and {B, Lb)'- 
Proposition l3. 21 tells us that these two possible definitions agree. Notice that when 
> we can extend hA uniquely to an affine isometric embedding of A into V. 
When rA = 0, the space A is one-dimensional, so we can also extend Ha to A (by 
enlarging VifV = {0}). Therefore the infimum actually runs over affine isometric 
embeddings Ha and of A and B into real normed spaces V. These embed- 
dings may not be linear since /ia(Oa) and hsiOs) need not be Oy- But we can 
always assume that Ha is linear by composing both Ha and Hb with the translation 
X 1-^ X — Ha^Oa) in V- To makes things easier, we choose to require both Ha and 
Hb to be linear. Since we do not know whether 'D{A) remembers the order-unit ca 
or not (see R,emark l4.1H|l . we need to consider also \\hA{rAeA) — hsirBes)]]- Now 
we get to: 

Definition 4.2. Let {A, La) and {B,Lb) be compact quantum metric spaces. We 
define the order-unit quantum Gromov-Hausdorff distance between them, denoted 
by distoq(A, B), by 

distoq(AS) := M{ma.^{dist'^{hA{V{A)),hB{V{B))), \\hA{rAeA) - hBirBeB)\\)}, 

and, for i? > 0, the R-order-unit quantum Gromov-Hausdorff distance between 
them, denoted by dist^q(A, by 

dist^q(AS) -.^ M{ma^idist'^ihAiVR{A)),hB{VR{B))),\\hAiReA) - hB{ReB)\\)}, 

where the infima are taken over all triples (V, hA,hB) consisting of a real normed 
space V and linear isometric embeddings Ha '■ A V and Kb : B V . 

Remark 4.3. (1) To simply the notation, usually we shall identify A and B with 
their images hA{A) and hB{B) respectively, and just say that 1^ is a normed space 
containing both A and i?; 

(2) See the discussion preceding Theorem 17. II for the motivation of introducing 
distfq; 

(3) We choose to use the terms \\hA{TA&A)~hB{rBeB)\\ and \\hA{ReA)—hB{ReB)\ 
to take care of the order-units. As another choice, one may also omit these terms 
and require hA{eA) — ^Bi^B) in Definition 14.21 Denote the resulting distances by 
dist*q and dist^^ . It is easy to see that distoq < dist*^ and dist^^ < dist^q*. One 
may also check that the proofs of Propositions l4.8ll4.10l and Theorem ll . ll hold with 
distoq and distoq replaced by dist*q and distoq* ; 

(4) For any ordinary compact metric space {X,p), let Ax be the space of Lip- 
schitz M-valued functions on X and let Lp be the Lipschitz seminorm defined by 

Then {Ax, Lp) is a closed compact quantum metric space, called the associated 
compact quantum metric space of {X,p). For any compact metric spaces {X,px) 
and {Y,py), by Proposition 4.7] and Theorem ll.il we have distoq(^x, ^r) < 
Mistq{Ax,AY) < 3distGH(^,>'). Using f^TI, Theorem 13.16] and Theorems O 
12.41 and 11.11 one can see that the distance {X,Y) i-^ distoq{Ax , Ay) determines 
the same topology on CM as does distcH- 

As in the discussion for Gromov-Hausdorff distance in Section 12 it suffices to 
have V to he A(B B (equipped with certain norms) in Definition 14.21 To this end, 
for any normed spaces V and W we call a norm || • ||y©vK on V (B W admissible if 
it extends the norms on V and W. 
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Proposition 4.4. Let {A, La) and [B,Lb) be compact quantum metric spaces. 
Then 

distoq(A,S) = inf{max(dist^®^(I?(A),I?(B)), llr^CA - rseijIUes)}, 
and, for any i? > 0, 

dist^q(A,B) = inf{max(dist^®^(2?fl(A),P;j(B)), ||i?e^ - RebWa^sb)}, 
where the infima are taken over all admissible norms || • ||AeB on A ® B. 

Proof. We prove the case of distoq(A, B). That of dist^q is similar. The proof here 
could be thought of as a dual of Example 5.6 and Proposition 5.7 in Let 
{V, Ha, hs) be as in Definition 14.21 Let 1 > e > be given. We will construct 
an admissible norm on V ® V such that the two copies of V are e-close to each 
other, i.e. \\{v,-v)\\v(i)V < £\\v\\. Clearly \\{u,v)\\v(bv ■= max(||u + ^;|| , e||M|| , £||?;||) 
satisfies the requirement. Now we identify AQ)B with the subspace (BhsiB) 
of F V. Then the induced norm on A © _B is admissible. And 

dis4'^''{V{A),V{B)) < dist'^ihA{V{A)),hB{ViB))) + 

distj;®^((/is(I?(i?)), 0), (0, hB{V{B))) 

< dist'^{hA{V{A)),hBiV{B)))+erB. 

Similarly, \\rAeA ~ rBeB\\A®B < \\hA{rAeA) - hB{rBeB)\\v + srB. This gives the 
desired result. □ 

We start to prove Theorem ll.il We prove the triangle inequality first. For this 
we need the amalgamation of normed spaces: 

Lemma 4.5. Let ipj : A ^ Bj be linear isometric embeddings of normed spaces 
(over M or C) for j e J, where J is an index set. Then there is a normed space C 
and linear isometric embeddings ij^j : Bj ^ C such that ipj o ipj = tl)^ o ip^. for all 
j, fc e J. 

Proof. Let |1 • |li be the Li-norm on (Bj^jBj, i.e. |l(wj)||i — J2jeJ W^jW- ^et 
W = {(%") ■ "i *^ fji^) foi' all j e J, and = 0}, 

which is a linear subspace of (Bj^jBj. Let q : ®j^jBj {®j^jBj)/W be the 
quotient map, and let ^pj : Bj {(Bj^jBj)/W be the composition of Bj (Bj^jBj 
and q. Then clearly ipj o ipj = tpk ° for all j, k € J, and ipj is contractive. For 
any u G Bk and {ipj{vj)) S W we have 

lk+ ((y5j(Wj))l|l = \\u + ipkivk)\\+ ll^jll 

Therefore ipk is isometric. □ 

Using Lemma 14.51 one gets immediately the triangle inequality: 

Lemma 4.6. For any compact quantum metric spaces (A, La), {B,Lb), and 
(C, Lc) we have 

distoq(A, C) < distoq(A, B) + distoq(B, C). 
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For i? > we also have 

distfq(A, C) < dist^q(A, B) + dist« (i?, C). 

Next we compare distoq (and dist^^) with distq. For this purpose we express first 
distq in a form similar to that of distoq- For any compact quantum metric space 
{A, La) denote by £{A) the unit ball of A under La- 

Proposition 4.7. For any compact quantum metric spaces {A, La) and {B,Lb) 
we have 

distq(v4,B) = mi{dist]^{£(A),£{B))}, 

where the infimum is taken over all order-unit spaces V containing both A and B 
as order-unit subspaces. This identity also holds if the infimum is taken over all 
normed spaces V containing both A and B such that ca — gb- 

Proof. Denote the right hand side of the above identity by distq(yl, B). Also denote 
by distq {A, B) the corresponding term for the infimum being taken over all normed 
spaces V containing both A and B such that ca = en- Clearly dist'^{A, B) > 
distq (A, B). 

Let L be an admissible Lip-norm on A® B, and set d — dist'^ {S {A) , S (B)) . 
Denote by Z the subset of S{A) x S{B) consisting of pairs (p, q) with pl{p, q) < d. 
Since S{A) and S{B) are compact, the projections Z S{A) and Z — > S{B) are 
surjective. Think of A and B as subspaces of C{S{A)) and C{S{B)) respectively. 
Then the induced M-linear maps A C{Z) and B C{Z) are unital isometric 
embeddings. Notice that for any a <E A and b G B we have 

||a- 6|| = sup{|p(a) - g(fe)| : {p,q) e Z} < L{a,b)d. 

Let a e £{A). For any e > pick b e B with L{a,b) < 1 e. Then \\a - b\\ < 
L(a, b)d < (1 + e)d, and hence 

\\b\\ < ||6-a|| + |la|| < (1 + e)d + ||a|l . 

Also Lsib) < L{a,b) < 1 + e. Let b' = b/{l + s). Then b' e £{B), and 

\\a-b'\\ < ||a-6|| + ||5-5'|| < (1 + e)^ + < (l + 2e)d + ^^||a||. 

Similarly, for any b e £{B) and e > we can find a' e £{A) such that ||6 — 
a'W < (1 + 2e)d + j^\\b\\. Letting e ^ we get distq(^, S) < d. Consequently, 
dist'q{A,B) < distq ( A, B). 

Let y be a normed space V containing both A and B such that ca — &b, and 
set d = distg(f (A), £(i?)). Let e > be given. Define a seminorm L on A® B via 
L(a, b) — max(iyi(a), Lsib), \\a— b\\/{d + e)). It follows easily from Proposition l2.3l 
that L is an admissible Lip-norm on A(£)B. For any p e S{A), by the Hahn-Banach 
theorem extend p to a linear functional tp on V with \\lp\\ = 1 and set q to be the 
restriction of ip on B. Since = es we have q{eB) = 1 and hence q G S{B). 
For any (a, b) G £{A B) we have \p{a) - q{b)\ = \(p{a - 6)| < ||a - 6|| < d -I- e. 
Therefore pl{p, q) < d + e. Similarly, for any q' £ S{B) we can find p' G S{A) with 
pUp', q') <d + £. Thus distq(A, B) < dist^^ (5(A), S{B)) <d + e. Letting e ^ 
we get distq(A, i?) < d. Consequently, distq(A, B) < distq(A, S). This finishes the 
proof of Proposition □ 
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We remark that though distq has a form similar to those of distoq and dist^q, 
to prove the criteria Theorems 11.21 and 17.11 we have to use distoq and distoq in an 
essential way. 

Proposition 4.8. For any compact quantum metric spaces {A, La) and {B, Lb) 

we have 

(5) Ir^-rsl <distGHp(A),P(B)) < distoq (A, < + rs, 

(6) |distoq(A,B)-dist;^(A,B)| < \rA-rB\, 

(7) distoq(A,B) < 3distq(A,B). 
For i? > we also have 

(8) distfq(AS) <2distq(A5). 

Proof. For any compact metric spaces X and Y, one has \rx — | < distGH(-'^, Y) 
[SI Exercise 7.3.14]. Thus (O is trivial once we notice that 'D{A) has radius ta- To 
show © it suffices to show that dist^{'D{A) jDr^ {A)) < \rA — In fact we have: 

Lemma 4.9. For any compact quantum metric space {A, La) and any R > r > 
we have 

distiiVRiA),VriA)) <R~r. 

Proof. Notice that "DriA) is a subset of 'Dfj{A). For each a £ Vr^A) let a' — -^a. 
Then a' € VriA) and 

|ja-a'|| = :^||a||<i?-r. 

Hence dist^{Vn{A),Vr{A)) <R~r. □ 

Back to the proof of Proposition 14.81 The inequality {Tj) follows from lO, 
and the fact that \rA - ^bI < distGH(S'(A), S{B)) < distq(A, B). So we are left to 
prove ©. Let V he a normed space containing both A and B such that ca — gb, 
and set d = dist^ (A), For any a e T>ji{A) and e > pick b e £{B) such 
that \\a -b\\ < d + s. Then ||fe|| < ||& - a\\ + \\a\\ < d + e + R. By Lemma itl^ we 
can find b' € Vr{B) with <d + e. Then ||a-6'|| < 2{d + e). Similarly, for 

any b £ T>r{B) we can find a' e T>r{A) with \\a' - b\\ < 2{d + e). It follows that 
dist^q(A,B) < 2d. Then ^ follows from Proposition gTI □ 

Proposition 4.10. Let {A, La) and (B.Lb) be compact quantum metric spaces 
with R > rA,rB. Then we have 

-dis-« 
2 

(10) distq(A, B) < 5distoq(A, B). 

Proof. Note that lfTU|l follows immediately from and (0. We prove 

We may assume that both {A, La) and {B,Lb) are closed. The case i? = is 
trivial, so we assume that R > 0. Let 1^ be a normed space containing A and B, 
and let d = max(distH 2?fl(i?)), ||ii!eA — i?e_B||)- If d = then it is easy to 
see from Lemma ITTI that {A, La) and {B,Lb) are isometric. So we assume that 
d > 0. Rieffel used bridges in [37] to get upper bounds for distq(A, B). Recall that 
a bridge between {A, La) and {B,Lb) [STj Definition 5.1] is a seminorm, N, on 
A(B B such that N is continuous for the order-unit norm on A(B B, N{eA, es) = 



(9) distq(Ai?) < T^distfq(AS) 
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but N{eA,0) 7^ 0, and for any a E A and 6 > there is a b E B such that 
max{LB{b), N{a,b)) < LA{a) +6, and similarly for A and B interchanged. The 
importance of bridges is that the seminorm L on A (B B defined by L{a,b) = 
max(L^(a), Lb(&), -/V(a, 6)) is an admissible Lip-norm 37, Theorem 5.2]. In our 
situation one natural choice of N is (the seminorm induced from the quotient map 
A®B ^ {A®B)/R{eA,eB) and) the quotient norm on (AQ)B)/M.{eA,eB) induced 
by the norm |j(a, 6)||* = max(||a||, ||6||, \\a — b\\). Let a E A with LA{a) = 1. We 
can write a as a' + Xca with a' £ 'Dii{A) and A e R by Lemma [4. II Since T>j^{B) 
is compact we can find b' e Vni^B) with ||a' — < d. If we let 6 = 6' + Aes, then 
we have N{a, b) = N{a' , b'), and we just need N{a' , b') < 1. So we need to replace 
the norm || • ||* by ||(a,6)||i = max(||a||/i?, ||6||/i?, ||a- b\\/d). Then define N as 
N{a,b) = inf{||(a,5) + X{eA, eB)\\i '■ A G R}. The above discussion shows that N is 
a bridge. Then we have the admissible Lip-norm L associated to N. 

Now let p e S{A). We need to find q e S{B) such that pL{p,q) < frf. Let 
(a, 6) g A (B B with L{a,b) < 1. Adding a scalar multiple of (6^,6^), we may 
assume that L^la), Lb(6), ||(a,6)||i < 1. Then ||a-6|| < d, \\a\\ < R, and ||&|| < R. 
Hence a e Vr^A) and b e VniA). So we are looking for q G S{B) such that 
\p{a) - q{b)\ < |d for aU a G X>j?(^),6 G Vr{A) with \\a - b\\ < d. Denote the 
set of such pairs (a, b) by X. By the Hahn-Banach theorem we can extend p £ A' 
to a P G y with = \\p\\a> = 1. Let g = P\b. Then \p{a) - g{b)\ = 

|F(a - b)\ < \\a - b\\ < d for aU (a, 6) G X, and < ||P|k' = 1- Also 

|1 — .9(65)1 = |P(e^ — es)! < \\eA — sbW < d/i?. Now we need: 

Lemma 4.11. Let g G B' and (5 > with 1 > > g{eB) > 1 - 6 > 0. Then 
there is a g G S{B) such that \\q — g\\ < |(5. 

Proof. We use the idea in Lemma 2.1 of ISHI- Think of B as a subspace of C-r{S{B)), 
the space of M- valued continuous functions on S{B). Then by the Hahn-Banach 
theorem g extends to a continuous linear functional on C'u{S{B)) with the same 
norm. Using the Jordan decomposition we can write g as /i—i^ with H^H — \\fi\\ + \\iy\\, 
where fi and v are disjoint non-negative measures on S{B). Then 1 > \\fi\\ + ||!^| 
and ||/i|| — = fJ,{eB) — v{eB) = 3(63) > I — 5. Consequently ||/i|| > 1 — J > 
and lli^ll < 5/2. Note that ||^|| = ^^(63) = \\^l\\B'■ Let q = Then q G S'(B) 

and 11,9 - q\\ < M\ + llAi - 9ll < S/2 + Ul - M)\\ < p. □ 

Back to the proof of Proposition l4.10l Pick 9 for 9 and S — d/R as in Lemma l4.11l 
Then \p{a) - 9(6)] < \p{a) - g{b)\ + \q{b) - .9(6)1 < d + ^{d/R)R ^ |d for aU 
{a,b) G X. Consequently distq(A,B) < dist^"" (5(A), S'(B)) < |d. Letting V run 
over all normcd spaces containing A and B, we get □ 

Now Theorem 11.11 follows from Lemma 14.61 and Propositions 14.81 and 14.101 We 

do not know whether the constants in Theorem II . II arc the best ones or not. 

Remark 4.12. Notice that the terms \\hA(rAeA) — hB{rBeB)\\ and \\hA{ReA) — 
hBiReB)\\ in Definition l4.2l are used only in the proof of Proposition^^] (and hence 
Theorem ll.lf) . Denote by distQq(A, B) the distance omitting the term \\hA{rAeA) — 
^s(?'seB)||. If one can show that any compact quantum metric spaces {A, La) and 
{B,Lb) with dist'^^{A,B) = are isometric, i.e. dist^^ is a metric on CQM, then 
it is not hard to use jSJ , Q) 1 Lemma 15.41 and Theorems 12.11 and 12.41 to show that 
distq and dist^^ define the same topology on CQM. When {A, La) and {B, Lb) are 
closed, it is easy to see that distQq(v4, B) = if and only there is an affine isometry 
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from ^{A) onto I?(-B) (which has to map Qa to Ob)- Clearly such isometry extends 
to a linear isometry from A onto B. Thus the question is: 

Question 4.13. Let {A, La) and {B,Lb) be compact quantum metric spaces. If 
there is a linear isometry (for the norms) ip from A onto B mapping 'D(A) onto 
2?(-B), then are (A, La) and (B^Lg) isometric as quantum metric spaces? 

Notice that if >p{eA) — es then ip is an isometry as quantum metric spaces. A 
related question is: 

Question 4.14. Let {A, ca) and {B, eu) be order-unit spaces. If they are isometric 
as normed spaces, then must they be isomorphic as order-unit spaces? 

5. Quantum compactness theorem 

In this section we prove Theorem 15.51 which describes Rieffel's quantum com- 
pactness theorem in terms of the balls T^^A). 

The main fact we need is Corollary \^.[\\ which can be proved directly. Since 
Proposition 15 . 21 will be useful at other places, we include Proposition 15 . 21 here, and 
deduce CoroUarv 15.31 from it. We shall need the following well-known fact several 
times. We omit the proof. 

Lemma 5.1. Let {X,p) be a metric space and Y a subset of X. Then for any 
e > we have Covp(Y,2£) < Covp(X, e), where Covp(X, e) is the smallest number 
of open balls of radius e whose union covers X . 

Proposition 15.21 is the dual version of the fact that if a subset S C CM satisfies 
the two conditions in Thcorcm l2.1l then there is a compact metric space {Z, p) such 
that each X £ S can be isometrically embedded into Z [171 page 65]. The proof 
here is a modification of that for this fact given in |17| . 

Proposition 5.2. Let i? > 0. For any compact metric space {X,p) let C{X)r 
{/ € C{X) : Lp{X) < 1, 11/11 < R}, equipped with the metric induced from the 
supremum norm in the algebra C{X) of C- valued continuous functions on X, where 
Lp is the Lipschitz seminorm as defined by (Q. If a subset S C CM satisfies the 
condition (2) in Theorem 12. II then there exist a complex Banach space V and a 
compact convex subset Z <Z V such that for every {X, p) £ S there is a linear 
isometric embedding hx ■ C{X) ^ V with hx{C{X)ii) C Z. 

Proof. For any {X,p) G 5 if we pick a dense sequence in X, then the linear map 
C{X) given by the evaluations at these points is an isometric embedding. 

What we shall do is to choose this dense sequence carefully such that the image of 
C{X)ji is contained in some compact Z Q which does not depend on {X, p). 

Let £j = 2~^ for all j e N. Also let Ki = sup{Cov(X, ei) : {X,p) e S} and 
Kj = sup{Cov(X, ^) : {X,p) € S} for all j > 1. Denote by Dj the set of all finite 
sequences of the form (ni, n2, • • •, Hj), 1 < jt-i < Ki, 1 < n2 < K2, ■ ■ -,1 < nj < Kj, 
and denote by pj : -Dj+i — > Dj the natural projection. 

We claim that for each {X, p) E S there are maps I-'^ : Dj ^ X with the 
following properties: 

(a) the image of Ij^ forms an Cj-net in X, i.e. the open Cj-balls centered at the 
points of this image cover X; 

(b) for each uj € Dj^i,j = 1,2,---, the point I-!^^{lo) is contained in the open 
Ej-ball centered at I-'^{pj{uj)). 
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These maps are constructed as follows. Notice that Ki > Cov{X,ei). So we 
can cover X by Ki open balls of radius ei, and we take any bijective map from 
Di onto the set of centers of these balls. This is our map /j^-. For any ei-ball 
B, by Lemma IEjI we have K2 > Gov{X, ^) > Cov(K,e2)- So we can cover each 
open El-ball by K2 balls of radius £2 and map D2 onto the set of centers of these 
e2-balls so that (711,712) goes to the center of a ball which we used to cover the 
ei-ball with center at lj^{{ni)). This is our Then we cover each e2-ball by K3 
open balls of radius £3 and map onto the set of centers of these ea-balls so that 
(711, 7i2, n^) e I?3 goes to the center of a ball which was used in covering the e2-ball 
with center at /^((7ii, 712)), and so on. 

Denote by D the union U°^iZ3j, and let V be the space of all bounded C- 
valued functions on D. Then y is a Banach space under the supremum norm || • ||. 
Denote hy Z C V the set which consists of all functions / satisfying the following 
inequalities: 

if w G Di C L), then |/(a;)| < R, 

if w € Dj and j > 1, then \f{uj) - f{pi-i(uj))\ < ej-i. 

Clearly Z is a closed convex subset of V. We show that Z is totally bounded. 
For any e > 0, pick k such that Sk < s. Let Pk be the map restricting functions on 
D to Uj^iDj. From the inequalities above we see that < R + Sj=i ^'^^ 

each f e Z and uj e Di. So Pfc(Z) is contained in Fk := {g G Ciu'-^^Dj) : \\g\\ < 
R + X]^=i ^j}- Hence Pk{Z) is totally bounded. Pick /i, • • •, /,„ in Z such that the 
open e-balls around Pk{fi), ■ ■ •, Pk{fm) cover Pk{Z). Then for any f £ Z, there is 
some 1 < / < 771 so that \\Pk{f) - Pk{fi)\\ < £■ This means that \f{uj) - fi{iij)\ < e 
for all u e U^j^^Dj. In particular, — fi{ijj)\ < £ for all u e Dk- From the 

second inequality above we see that \f{uj) ~ < e + X^jlfc = ^ + 2efe < 3e 

for &\\uj£D\ Ll'^^k+i^j- So 11/ - /;|| < 3e. Therefore /i, •••,/„ is a Se-net of Z, 
and hence Z is totally bounded. So Z is compact. 

Denote hy Ix : D ^ X the map corresponding to all J-^, j = 1, 2, • • • . Then we 
can define hx ■ C{X) ^ V as the pull back of Ix'- 

= feC{x), u;eD. 

Clearly hx is linear. The property (a) implies that Ix{D) is dense in X. Thus the 
map hx is isometric. For each / G C{X)j^ and e Di , we have \{hx{f)){o-!)\ < 
ll^jf (/)ll = 11/11 1^ R- If e Dj, and j > 1, then by property (b), we have 

|(/7x(/))M-(/7x(/))fe-lH)| = \f{Ix{i^))~f{Ix{p,-l{i^)))\ 

< ip(/)p(/xM,/xfe-iM)) < £,-1. 

So hxif) e Z. Therefore hx{C{X)]i) is contained in Z. □ 

Corollary 5.3. Let the notation and hypothesis be as in Proposition 15.21 Then 
the set {C{X)ji : {X,p) € S} satisfies the condition (2) in Theorem 12. II 

Proof. This is a direct consequence of Proposition 15 . 21 and Lemma l5. II □ 

Lemma 5.4. Let 5 be a subset of CQM. Pick a closed representative for each 
element in S. Then the set {S{A) : {A,L) G S} satisfies the conditions (1) and 
(2) in Theorem O if and only if the set {V{A) : {A, L) g S} does. If i? > 
sup{r^ : {A, L) E S}, then the set {S{A) : {A, L) e 5} satisfies the condition (2) 
in Theorem ED if and only if the set {Dr{A) : [A, L) e S} does. 
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Proof. We prove the first equivalence. The proof for the second one is similar. 
Notice that the radius of is exactly rA- Thus {S{A) : {A,L) £ S} satisfies 

the condition (1) in Theorem 12. II if and only if {^{A) : {A,L) e S} does. 

Assume that the condition (1) is satisfied now. Let R > sup{r^ : {A,L) e S}. 
Notice that the natural inclusion — > C{S{A)) is isometric, and has image in 
C{S{A))r, where C{S{A))r is defined as in Proposition O Then the "only if" 
part follows from Corollarv l5.3l and Lemma l5. II 

Notice that the natural pairing between A and A' gives a map ip : S{A) 
C{V{A)). Clearly ip maps S{A) into C(V{A))ii. From Lemma Ol it is easy to 
see that ip is isometric. Then the "if" part also follows from Corollary 15.31 and 
Lemma 15.11 □ 

Combining Lemma r5.4l and Theorem 12.41 together we get: 

Theorem 5.5. A subset S C CQM is totally bounded if and only if 

(1') there is a constant D' such that diam(r»(A)) < D' for aU {A, L) e S; 

(2') for any e > 0, there exists a constant K'^ > such that Cov{'D{A),e) < K'^ 

for aU (A, L) e S. 

One can also give a direct proof of Theorem 15. 51 fsee [2ff, Remark 4.10]). 

In Sectioniniwe shall use Theorem l5.5l to prove Theorem l9.2l which tells us when 
a family of compact quantum metric spaces induced from ergodic actions of a fixed 
compact group is totally bounded. 

6. Continuous fields of compact quantum metric spaces 

In this section we define continuous fields of compact quantum metric spaces, a 
framework we shall use in Section[3to discuss the continuity of families of compact 
quantum metric spaces with respect to distoq. The main results of this section are 
Theorem 16.121 and Proposition 16 . 161 We refer the reader to |15l Sections 10.1 and 
10.2] for basic definitions and facts about continuous fields of Banach spaces. 

We first define continuous fields of order-unit spaces. To reflect the continuity 
of the order structures, clearly we should require that the order-unit section is 
continuous. 

Definition 6.1. Let T be a locally compact Hausdorff space. A continuous field 
of order-unit spaces over T is a continuous field ({^t}, T) of Banach spaces over T, 
each At being a complete order-unit space with its order-unit norm, and the unit 
section e given by et — CAt, t £ T being in the space F of continuous sections. 

Remark 6.2. Not every continuous field of Banach spaces consisting of order- 
unit spaces is continuous as a field of order-unit spaces. For a trivial example, let 
T [0, 1], and let ({AJ, F) be the trivial field over T with fibres {At, e^J = (K, !)• 
For each / € F define a section /* as ft = /t for < t < 1 and — ~fi- Then 
F* = {/* : / g F} defines a continuous field of Banach spaces over T with the same 
fibres, but with the section 1 1-^ 1 no longer being continuous. 

Before we define continuous fields of compact quantum metric spaces, let us take 
a look at one example: 

Example 6.3 (Quotient Field of a Compact Quantum Metric Space). Let {B, Lb) 
be a closed compact quantum metric space. Let T be the set of all nonempty convex 
closed subsets of S{B). Notice that for any compact metric space (X, p), the space 
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SUB(X) of closed nonempty subsets of X is compact equipped with the metric 
distj^ 8, Proposition 7.3.7]. It is easy to see that (T, dist^'"'^'') is a closed subspace 
of (SUB(S'(i?)), distj^^'^''), and hence is a compact metric space. Now each t £ T 
is a closed convex subset of S{B). Let {At,Lt) be the corresponding quotient of 
{B,Lb) (see the discussion right after Proposition 12. Then At — AiT^{t). Let 
TTt : AfR(5(i3)) — > AfR(i) be the restriction map. Since each w G AfR(5(i3)) is 
uniformly continuous over S{B), clearly the function t ||7rt(w)|| is continuous 
over T. Hence the sections tt{w) — {TTt{w)} for all w € AfR(5(i3)) generate a 
continuous field of Banach spaces over T with fibres AfR(t) = At- Notice that the 
unit section is just 7r(es). So this is a continuous field of order-unit spaces. We 
shall call it the quotient field of {B, Lb)- According to 37, Proposition 5.7] we have 
that dist q{ At, Atg) — > as t ^ to for any to E T. 

Certainly the above example deserves to be called a continuous field of compact 
quantum metric spaces. In general, we start with a continuous field of order-unit 
spaces ({At},r) over some T and a Lip-norm Lt on (a dense subspace of) each 
At- These Lt's should satisfy certain continuity conditions for the field to be called 
a continuous field of compact quantum metric spaces. If we look back at the 
definition of continuous fields of Banach spaces, we see that the main ingredient 
is that there are enough continuous sections. Thus one may want to require that 
there are enough sections / with the functions t i-^ Lt{ft) being continuous. But 
in the above example of the quotient field, clearly t i—s- Lt{'Kt{w)) is always lower 
semi-continuous, and there are no obvious w's except the scalars for which the 
functions 1 1— > Lt{T:t{w)) are continuous. Thus this requirement is too strong. Now 
there are two weaker ways to explain "enough continuous sections" . The first one 
is that the structure (which is Lt^ in our case) at Afg should be determined by 
the sections "continuous at to"- Let Pf be the set of sections / in P such that 
t I— > Lt{ft) is continuous at to. Then when Ltg is closed, one wants every a € Atg 
to have a lifting in P^ . When Ltg is not closed (which happens in a lot of natural 
examples), recalling how the closure L^^ is defined, one wants Ll^ to be determined 
by these ftg when / runs over P^^ . The second way to think of "enough continuous 
sections" is that there should be enough continuous sections to connect the fibres. 
Then one wants that for every a £ At^ there is some / G P such that ft^ = a and 
Ltift) < LtQ (a) for all t £ T. This implies that for every a £ Atg there is some / € P 
with fto — a and t s- Lt{ft) being upper semi-continuous at to. This is weaker 
than what we get above in the first way. However, it turns out that this condition 
is strong enough for us to prove some properties of continuous fields of compact 
c^uantum metric spaces (see Theorem 16.121 and Proposition 16.1611 , especially the 
criteria for continuity under the order- unit quantum distance (Theorems 11.21 and 
EH). 

Definition 6.4. Let T be a locally compact Hausdorff space, and let (At,Lt) be 
a compact quantum metric space for each t £ T, with completion At- Let P be 
the set of continuous sections of a continuous field of order-unit spaces over T with 
fibres At- For each to £ T set 

P^ — {f £ T : the function 1 1— > Lt{ft) is upper semi-continuous at to}, 

where we use the convention that Lt — +oo on At \ At. We call ({(At, Lt)}, P) 
a continuous field of compact quantum metric spaces over T if for any t £ T the 
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restriction of Lt to {ft : / E } determines the closure of Lt, i.e. for any a G At 
and £ > there exists / € such that ||/t — a|| < e and Lt{ft) < Lt{a) + e. 
Sections in F^ are called Lipschitz sections at t. If every Lt is closed, we say that 
{{{At, Lt)}, F) is closed. 

Remark 6.5. At first sight, for the restriction of Lt to {ft : / € Ff } to determine 
the closure of Lt, we should require that for any a E At and e > there exists 
/ S Ff such that ||/t — a|| < e and Lt{ft) < Lt{a)+e. This seems stronger than the 
condition we put in Definition 16.41 In fact they are equivalent. By the definition of 
Lt we can find a' E At with ||a' — a|| < and Lt{a') < Lt{a) + ^e. Assume that the 
condition in Definition 16 . 41 holds . Then there exists / G Ff such that — a'|| < 
and Lt{ft) < Lt{a') + ^e. Consequently, \\ft - a|| < e and Lt{ft) < Lt{a) +e. 

As one would expect, the fiber-wise closure of a continuous field of compact 
quantum metric spaces is still such a field: 

Proposition 6.6. If {{{At, Lt)}, F) is a continuous field of compact quantum metric 
spaces over a locally compact Hausdorff space T, then so is {{{A^ , L^)} ,T) . If 
{{{At,Lt)}, F) is closed, then Al = {ft : f E Ff } for every t E T. 

Proof. Let E T, and let a E A^^. We need to find g E T such that gto = a 
and Lf^{a) > fim supj^^^ Lj((7t). Take a section f eT with ftg — a. For each 
n e N by Remark 16.51 we can find an /„ E F^ such that \\{fn)to ~ '^11 < ^ ^^"^ 
Lto{{fn)to) < ^to(a) + ^- There is an open neighborhood Un of <o with compact 
closure such that ||(/„)t - ft\\ < ^ and it((/„)t) < -^to(a) + ^ for all t E Un. 
By shrinking these neighborhoods we may assume that Un+i ^ Un for all n. By 
Urysohn's lemma |21[ page 115] we can find a continuous function Wn on T with 
< «;„ < 1, Wn\T\u„ = 0, and Wn\u,^^i = 1- E)efine a section g by gt = {fi)t for 
t E T\Ui, gt = Wn{t){fn+i)t + (1 - Wn{t)){fn)t for t E Un\Un+i, and gt = ft for 
t E r\'^=xUn. Clearly gET, gt„ = a, and L^^(a) > limsupt^t^ ^^{gt). □ 

Example 6.7 (Pull back). Let {{{At, Lt)} ,T) be a continuous field of compact 
quantum metric spaces over a locally compact Hausdorff space T . Let T' be another 
locally compact Hausdorff space, and let : T' ^ T be a continuous map. Set 
{At>,Lt') = {A^(t>),L^(^t')) for each t' E T'. For each / G F , define a section <&*(/) 
over T' by (<I>*(/))t' = /$(*'). Then the set $*(r) of all these sections generates a 
continuous field of Banach spaces over T' with fibres Af — This is called the 

pull back of the continuous field ({j4t},F). Let <I>*(F) be the set of all continuous 
sections of this field. Notice that the pull back of the unit section is exactly the unit 
section on T' . So the pull back is a continuous field of order-unit spaces. Clearly 
for each E T' and / E F^^^j^j the function t' ^ Lt'{{^* {f))t') = L^(t'){f<i>(t')) is 

upper semi-continuous at t'^. Hence $*(F^^j, ^) C $*(r)(^. Then it is easy to see 

that {{{Ati ,Lti)},^*{r)) is a continuous field of compact quantum metric spaces 
over T'. We shaU caU it the pull hack of {{{At,Lt)}, F). 

Example 6.8 (Quotient Field continued). Let the notation be as in Example 16. 31 
For each to E T and a E Atg, the proof of [23 Proposition 3.3] shows that we can 
find b E B with TTt^Xb) — a and LB{b) = Lto{a). Then obviously 7r(6) is in F^^. 
Therefore {{{At, Lt)},r) is a closed continuous field of compact quantum metric 
spaces. 
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In fact, we can say more about the Lip-norms in the quotient field: 

Proposition 6.9. Let {B,Lb) be a closed compact quantum metric space. Let 
{{{At, Lt)},T) be the corresponding quotient field of compact quantum metric 
spaces. Then for any to (E T and a € At^ we have that 

Lto{a) = inf{limsupLt(/f) : f eT, ft„ ^ a} 

t^to 

= M{limmf Lt{ft) : f er, ft„= a}. 

I— ►to 

Proof. By Proposition 16.61 we have Ltg{a) > infjlimsup^^^j^ Lt(/t) ■ f G T,ft(, — 
a}. So we just need to show that for any a G At^ and / € F with ftg — a we 
have Ltg{a) < liminft^tg Lt{ft)- If Lt„{a) — 0, this is trivial. So we assume that 
Ltg{a) > 0. We prove the case Ltg{a) < +oo. The proof for the case Lt„{a) = +oo 
is similar. 

Let p — . By f37i Proposition 3.3] we can find b £ B with TTt^, (6) — a. For any 
e > 0, since Lj^ coincides with the Lip-norm induced by p\ta, we can pick distinct 
points pi,p2 in to with '°^p(p7p^f > -^to(a) ^ £• For any (5 > and t e T with 

distjj {t,to) < S, we can find 91,(72 & t with p{pj,qj) < 5. Since b is uniformly 
continuous on S{B), when S is small enough, we have 

|(46))t(gi)-(^(6)),(g2)| \a{p,)-a{p2)\ . ^ |6(gi) - 6(92)! \b{p^) ^ b{p,)\ 

p{qi,q2) p{pi,P2) p{qi,q2) p{pi,P2) 

< e. 

Then > ~ 2e. Now e F and = {n{b)\, = a. 

This implies that ||/t — (7r(&))t|| Q as t ^ t^. For 5 < ^p{pi,p2), we have 
pill J 12) > S^SJ^^. Hence when t is close enough to Iq we have that 

AMqi) - Mq2)\ \{Ab))t{n)-{m}t{q2)\ . 

p{qi,q2) p{qi,q2) 

Therefore 

, \ft{qi) ~ ft{q2)\ ^ \{n{b))t{qi) - {7:{b)Uq2)\ „ 
Lt{ft) > 7 ^ > 7 ^ £ > Lto{a) - 3e. 

p{qi,q2) p{qi,q2) 

Thus Lta{a) < liminfi^fo Lt{ft). □ 

Example 6.10. Let {B,Lb) be a closed compact quantum metric space, and 
let {{{At, Lt)},T) be the corresponding quotient field of compact quantum metric 
spaces. Let {tn}neN be a sequence of closed convex subsets of S{B) converging to 
some closed convex subset to under disti^^^^^ Set T' — {^ : n e N}U{0} and define 
$ : T' -> T by = t„ and $(0) = to. Then $ is continuous. By Example lO we 
have the pull back continuous field {{{At', Lt')}, <I'*(F)) of compact quantum metric 
spaces over T'. We will call it the continuous field corresponding to tn — > io- Clearly 
the fibres are Ai_ — At^ and Aq = Atg. The field of Banach spaces {{Ati},^*{T)) 
is generated by the restrictions of functions in Ais^{S{B)). 

In the same way as for Proposition l6.9l one can show: 



< e. 



Proposition 6.11. Let {B,Lb) be a closed compact quantum metric space. Let 
{{{At,Lt)}, F) be the corresponding quotient field of compact quantum metric 
spaces. Let {tn}nm be a sequence of closed convex subsets of S{B) converging to 
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some closed convex subset to under distjj , and let ({(At/, L^)}, $*(r)) be the 
pull back field as in Example It). 101 Then for any a E Atg we have that 

LtM = inf{limsupLt„(/i):/e¥^, /o=a} 

n — >oo " 

= inf{lim inf it„ (/i ) : / G fo = a}. 

n — *oo n 

Theorem 6.12. Let {{{At, Lt)},T) be a continuous field of compact quantum 
metric spaces over a locally compact Hausdorff space T. Then the radius function 
t <—* is lower semi-continuous over T. 

Lemma 6.13. Let ({At},r) be a continuous field of real Banach spaces over a 
locally compact Hausdorff space T, and let / be a nowhere-vanishing section in 
r. Let II • 11^ be the quotient norm in At/M-ft. Then for any <? € F the function 

1 1— > llgtllj^ is continuous over T. 

Proof. Replacing / by t i-^ assume that ||/t|| = 1 for all i S T. For 

every t G T pick a & R with \\gt — ctft\\ — UstllT- Let to £ T and e > be given. 
Since g — ct„f £ F, the function t i-^ \\gt — ctoft\\ is continuous over T. So there is 
a neighborhood U of to such that for any t eU, we have \\gt — ctgftW < Hfftollt^ + 
and hence H^tllT ^ WdtoWt' + ^- This shows that the function t i— s- ||gt||i^ is upper 
semi-continuous over T. 

We proceed to show that the function t i— > ||gt||J^ is lower semi-continuous over 
T. We may assume that the neighborhood U in the above is compact. Let M := 
sup{||(7t|| : t eU} < oo. Then for every t eU we have that 

|ct| = WctftW < \\gt\\ + \\gt-ctft\\<M+rgt\\7 <M+\\9to\\Z+s■ 
LetI ^ [~{M+\\gto\\Z+£), ^^+ll5tollt;;+£]- Clearly the function (c, t) ^ \\gt~cft\\ 
is continuous over I x U. Since / is compact, we can find a neighborhood Ui U 
of to so that lll^t — cft\\ — \\gto — c/to||| < e for all {c,t) g / x Ui. Then for any 
t Ehii we have that 

llStoll^ < \\9to~ctfto\\ < \\gt-ctft\\+e= ||5t||^+e 

So the function t l~^ \\gt\\t' is lower semi-continuous, and hence continuous, over 
T. □ 

Taking / in Lemma 16.131 to be the unit section, we get immediately: 

Lemma 6.14. Let ({^t}, F) be a continuous field of order-unit spaces over a locally 
compact Hausdorff space T. Let || • ||J" be the quotient norm in At = At/M.eAt ■ Then 
for any / G F, the function t i—f \\ft\\t" is continuous over T. 

We are ready to prove Theorem 16. 121 

Proof of Theorem XG.mX By Proposition 16.61 we may assume that ({(^t, Lt)}, F) is 
closed. Let to eT and £ > be given. If At^ = Re^ij^ , then r^^^ = and the radius 
function is obviously lower semi-continuous at to- So we may assume that At^ ^ 
M.eAtg- Then r^j^ = sup{||a||^ : a G At^ with Lto{a) — 1} by Proposition l2.3l Pick 
a G Atg with Ltg{a) — Ltg{d) = 1 and ||a||^ > r^^^ — s. By Proposition 16 . 61 we can 
find / G Ttg with ftg — a. Then the function t i— > Lt{ft) is upper semi-continuous 
at to. By Lemma [6.141 the function t i-^ ||/t||r i^ continuous over T. So there is 
some neighborhood U of to in T such that ||7t||r/-^t(/t) > WftoWZ ^ > ^^tn ^ 
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for allteU. Then > TAt^ ~ 2e for alH g W by Proposition 12. 31 So the radius 
function is lower semi-continuous at to- □ 

Next we show that there are enough Lipschitz sections to connect the fibres. The 
next lemma is probably known, but we can not find a reference, so we include a 
proof. 

Lemma 6.15. Let T be a locally compact Hausdorff space, and let w be a nonneg- 
ative function on T. If w is lower semi-continuous at some point to S T, then there 
is a continuous nonnegative function w' over T with w'{to) — w(to) and w' < w on 
T. 

Proof. If w{to) = 0, we may take w' = 0. So assume w{to) > 0. Replacing w by 
-^jj^, we may assume w(to) = 1. 

Since w is lower semi-continuous at to, for each n G N we can find an open 
neighborhood Un of tg such that w > 1 — 2^" on Un- By shrinking Un we may 
assume that the closure of Un is compact and contained in Un-i for each n e N, 
where Uq — T. By Urysohn's lemma |21[ page 115], we can find a continuous 
function w'^ over T with < w'^ < 2"", wUt\w„ = 0, and wjjj^ = 2"". Then 
w' = "^'n continuous over T. 

lit e T\Ui, then w^.(O) = for aU j and hence w'{Q) = < If t G Un\Un+i 

for some n G N, then = 2"^ for all 1 < j < n, < < ^, and w'^{t) = 

for ah j > n. So < EjLi 2"^' = 1 - 2"" < w(t). If t G n^^iZY„, then 

> 1 according to the construction of Un- In this case, Wj{t) — 2^^ for all j. 
So ■w'{t) = 1 < w{t). In particular, we see that w'{to) = 1 = w{to). So w' satisfies 
our requirement. □ 

Proposition 6.16. Let {{{At, Lt)},r) be a continuous field of compact quantum 
metric spaces over a locally compact Hausdorff space T. Then for any to € T and 
a G {/to : / G Pfj n V{At,), there exists / G Pf^ with ft G V{At) for alH G T 
and ftg = a. In particular, when {{{At, Lt)},T) is closed, such / exists for every 
aeV{At„). 

Proof. If a = 0, we can pick f ~ 0. So suppose that a 7^ 0. Take g G P^ with 
gto = a. Then < ||gto|j = ||a|| < r^j ■ Since 1 1— > \\gt\\ is continuous on T, there is 
some neighborhood U of to such that \\gt\\ > for all t G Define a nonnegative 
function w on T by 'w{to) — 1, w{t) — for t £ U \ {to}, and w(t) = for 
t G T\U. By Theorem 16 . 1 21 the radius function t k-s- rAt lower semi-continuous 
over T. Then it is easy to see that the function w is lower semi-continuous at to. 
According to Lemma 16.151 we can find a continuous nonnegative function w' on T 
such that ■w'{to) = 1 and w'{t) < w{t) for all t G T. Then w'{t) < ^ for all t G U, 

and w'{t) ^ for t e T\U. Set ht = w'{t)gt. Then /i G Pf^. Also, /it^ = a and 
||/it|| < for all t G T. 

If Ltg{a) < 1, then Lt„{htg) < 1. Since ft. G P^, there is an open neighborhood 
Ui of to with compact closure such that Lt{ht) < 1 for all t gUi. Take a continuous 
function w" on T with < w" < 1, w"(to) = I7 and i«"|t\Wi ~ 0- Define a section 
/ by /t = zi;"(t)ftt. Then / is in Pf^, and satisfies Lt{ft) < I, \\ft\\ < IM < rA^ for 
all t€T. So ft e V{At) for aU t G T . Also ft^ = w"{to)ht„ = a. Hence / satisfies 
our requirement. 
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Now suppose that Lt„{a) = 1. Then Ltg{ht„) — 1. Define a nonnegative function 
wi on T as wi{t) = min(-j-j-pm, 1) for all t E T, where ^^^^^^-^ = cx3 if Lt{ht) — 0. 

Then wi{to) = 1. Since h £ Ff^, it is easy to see that wi is lower semi-continuous at 
to- According to Lemma 16.151 we can find a continuous nonnegative function w[ on 
T such that w[{to) = 1 and w[{t) < wi(t) for all t e T. Then w[ < wi < 1 on T. 
Define a section f hy ft — w[ {t)ht for all t eT. Then / g and ftg = w[{to)hto = 
a. Clearly Lt{ft) = w[{t)Lt{ht) < w^{t)Lt{ht) < 1 and < \\ht\\ < ta, for aU 
t eT. So /t e 'D{At) for all t <eT. Hence / satisfies our requirement. 

The assertion about closed ({(^t, Lt)}, F) follows from Proposition l6.6l □ 

7. Criteria for metric convergence 
In this section we prove Theorems HH and O 

When applying Theorem ll.2l usually we need to show that the radius function 
t ^ is continuous at to. This is often quite difficult. However, sometimes we 
can show easily that the radii are bounded (for example, compact quantum metric 
spaces induced by ergodic actions of compact groups on complete order-unit spaces 
of finite multiplicity, see Theorem 18. 2() . In these cases, the next criterion is more 
useful. This is also the reason we introduced dist^q. 

Theorem 7.1. Let {{{At, Lt)}, F) be a continuous field of compact quantum metric 
spaces over a locally compact Hausdorff space T. Let R > 0. Let to & T, and let 
{/njriGN be a sequence in F such that {fn)to G T^BiAto) for each n G N and the set 
{{fn)to ■ n G N} is dense in 'Dji{Atg). Then the following are equivalent: 

(i) dist^^{At,At,) -> as t ^ io; 

(ii) distGii{T^ BiAt),VR{At„)) ^ as t ^ to; 

(iii) for any e > 0, there is an TV such that the open e-balls in At centered at 
{fi)t, ■ ■ (/jv)t cover 'Dj^{At) for all t in some neighborhood U of to- 

The proof of Theorem l7.1l is similar to that of Theorem ll.2l So we shall prove only 
Theorem ll.2l We need some preparation. The next lemma generalizes Lemma 14.51 
to deal with "almost amalgamation" : 

Lemma 7.2. Let A and B be normed spaces (over M or C). Let X be a linear 
subspace of A, and let e > 0. Let (f : X ^ B he a linear map with (1 — £)||2:|| < 
||'/'(a;)|| ^ (1 + for all x G X. Then there are a normed space V and linear 

isometric embeddings Ha ■ A ^ V and hs ■ B ^ V such that ||/i^(a;) — {Hb o 
ip){x)\\ < e\\x\\ for all x G X. 

Proof. We define a seminorm, || • ||*, on ^ ® _B by 

II (a, 6)11* := inf{||a- xll + \\b + ip{x)\\ + e\\x\\ : x G X}. 

We claim that || • ||* extends the norm of A. Let a G A. Taking a; = we 
get ||(a, 0)11* < ||a||. For any x G X we have ||a — a;|| + ||0 + </?(a:)|| + £||a;|| > 
||a-a;|| + (1 -£)||x|| +e||a:|| > ||a||. So ||(a,0)||* > ||a||, and hence ||(a,0)||* = ||a||. 
Similarly, || • ||* extends the norm of B. For any x G X we have ||(x, — (y3(a;))||* < 
||x — a:|| + II — (^(a;) + (y9(a;)|| +e||.x|| = e||x||. Let N be the null space of || • ||*, and let V 
be {A ® B)/N. Then || • ||* induces a norm on V, and the natural maps A, B ^ V 
satisfy the requirement. □ 

A subtrivialization [S] page 133] of a continuous field of C*-algebras ({,4t},F) 
over a locally compact Hausdorff space T is a faithful *-homomorphism ht of each 
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At into a common C* -algebra A such that for every f E T the y^- valued function 
t '-^ htift) is continuous over T. Not every continuous field of C*-algebras can 
be subtrivialized 22, Remark 5.1]. We can talk about the subtrivialization of 
continuous fields of Banach spaces similarly by requiring ht 's to be linear isometric 
embeddings into some common Banach space. One natural question is: 

Question 7.3. Can every continuous field of Banach spaces over a locally compact 
Hausdorff space be subtrivialized? 

Blanchard and Kirchberg gave affirmative answer for separable continuous fields 
of complex Banach spaces over compact metric spaces 6. Corollary 2.8]. However, 
to prove Theorem ll.2l we have to deal with continuous fields of real separable Banach 
spaces over general locally compact Hausdorff spaces. For us the following weaker 
answer to Question l7.3l is sufficient: 

Proposition 7.4. Let ({^t},r) be a continuous field of Banach spaces (over M or 
C) over a locally compact Hausdorff space T. Let to E T with Atg separable. Then 
there are a normed space V and linear isometric embeddings ht : At ^ V such 
that for every / G F the T/- valued map i s- /if(/t) is continuous at to. 

Proof. We prove the case where At„ is infinite-dimensional. The case where At^ is 
finite-dimensional is similar and easier. Since At^ is separable we can find a linearly 
independent sequence xi,X2,--- in At„ such that the linear span of {x^jfegN is 
dense in At^. For each k pick a section fk & ^ with {fk)to = ^k- Then for each 
t the map tpt : Xk ^ ifk)t, k — 1, 2, • • • , extends uniquely to a linear map from 
spanjxfe : k € N} to At, which we still denote by tpt. Let Xn — span{a::i, • • • ,Xn}, 
and let ipn,t be the restriction of tpt on Xn. Notice that for each x € Xn the section 
t I— > ipn.t{x) is in F. Then using a standard compactness argument we can find a 
neighborhood Un of to such that I — < \\'fin,t{x)\\ < 1 + ;^ for all x in the unit 
sphere of Xn and t E Un. We may assume that Ui ^ U2 ^ • • • . We shall find a 
normed space Vt containing both At and Atg for each t E T such that At and At^ 
are kind of close to each other inside of Vt . If i ^ Ui we let Vt simply be At © Atg 
equipped with any admissible norm. If i G Un\Un+i, then by Lemma l7.2l we can find 
a normed space Vt containing both At and Atg such that \\x — (pn.t{x)\\ < -^WxW for 
all X S Xn. If t S ri^^iUn, then ipn.t is an isometric embedding for all n, and hence 
ipt extends to a linear isometric embedding from Atg into At. So for t g Cy^^ihin we 
can identify Atg with Lpt{Ato), and let Vt = At. Now by Lemma |4.5I we can find a 
normed space V containing all these Vt 's such that the copies of At^ are identified. 
Let ht be the composition At ^ Vt V . Then for each x € spanjxfe : A: e N} 
clearly the map t ^-^ ht{ipt{x)) is continuous at io- Now it is easy to see that for 
every section / G F the map t ht{ft) is continuous at io- D 

Remark 7.5. The C*-algebraic analogue of Proposition 17^ is not true, i.e. for a 
continuous field ({^t},r) of C*-algebras, in general we can not find a C*-algebra 
B and faithful *-homomorphisms ht : At B such that for every / G F the map 
t ^ ht{ft) is continuous at to. The reason is that such B and /it's will imply 
that for any C* -algebra C and any fj ® Cj in the algebraic tensor product 
F (^aig C the function i || J2jifj)t Cj||^t«iC is continuous at to, where At C 
is the minimal tensor product. But there are examples 22, Proposition 4.3] where 
t II J2jifj)t ® Cj||^t(8)C is not continuous, even when T is simply the one-point 
compactification of N. Notice that in the proof of Proposition 17.41 we used only 
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Lemnias l4.5l and l7.2l The C* -algebraic analogue of Lemma has been proved by 
Blackadar Theorem 3.1]. Thus the C* -algebraic analogue of Lemma f7. 21 fwith 
Lp still being a linear map, but Ha and hs being faithful *-homomorphisms) is not 
true. 

Recall that for a metric space X and e > the packing number P{X, e) is the 
maximal cardinality of an e-separated (i.e. pxix,x') > s if x x') subset in X. 
When X is compact, P{X,£) is finite. In fact clearly P{X^e) < Cov{X, ^e). 

Lemma 7.6. Let X be a compact metric space, and let £ > 0. For any closed 
subset F of X if distGH(-^, ^) < 4P( j e/2) ^' ^^^"^ open e-balls centered at 
points of Y cover X. 

Proof. Let N = P{X,e/2). Let hx : X ^ Z and hy : Y ^ Z he isometric 
embeddings into some metric space Z such that j^e > dist^{h x {X ), hyiY)). For 
each X & X pick ip{x) € Y with > pz{hx{x),hY{<p{x))). Let x € X. Define 
Xn inductively by xq = a; and Xn = vixn-i)- Then for any m > n > 1 we have that 

PxiXn,Xm) 
= PYiXn,Xm) 

> pxiXn~l,Xm-l) - Pzihx{Xn-l),hY{Xn)) - Pz{hx{Xrn-l),hY{Xm)) 

1 

> px[Xn-l,Xm-i) - —e. 

Consequently px(a;n,a:^m) > px{xo, Xm-n) - ^£ > px{x,Y)-^e for aU m> n> 
0. Therefore xo, xi, are (pjf (a;, y) — ie)-separated. Thus px{x,Y) — ^e < ^e. 

Then px{x,Y) < e follows. □ 

Lemma 7.7. Let X and Y be compact metric spaces, and let e > 0. If distGH(-'i^, Y) 
< iff then P(X,e) < P(r, ie). 

Proof. Let p be an admissible metric on XjjF with dist'^{X,Y) < (see the 
discussion preceding Theorem I2.1|l . Let {xi,- ■ -jXn} be an e-separated set in X. 
For each k pick yk & Y such that p{xk,yk) < j£- Then clearly {j/i, •••,?/„} is 
i£-separated in Y. Therefore n < P{Y, ^e). □ 

Now we are ready to prove Theorem II .21 

Proof of Theorem M.m We claim first that (iii) does not depend on the choice of 
the sequence {/„}neN- Suppose that {/,'i}rieN is another sequence in F satisfying 
the conditions in the theorem. If (iii) holds for {/n}neN) then for any e > 0, we can 
find N and a neighborhood U as in (iii). Since {(/4)to : n G N} is dense in I?(Atp), 
there is some A^' e N so that for each 1 < n < N , there is some 1 < cr(n) < N' 
with \\{fn)to — {f'a{n))*o\\to < £■ Then we can find a neighborhood Z//' CU of to such 
that \\{fn)t - (/^(„))t||to < 2£ for all 1 < n < and all t € W . It is clear that 
the open 3e-balls in At centered at (/{)f, • • •, {f'j^i)t cover ^{At) for all t E U' . So 
(iii) is also satisfied for {/4}neN, and hence it does not depend on the choice of the 
sequence /„. 

Since 'D{At) is dense in 'D{A'j:) for every t, (iii) does not depend on whether we 
take {{{At, Lt)},r) or its closure. Clearly neither does (i) nor (ii). So we may 
assume that {{{At, Lt)},T) is closed. Take a dense sequence {a„}„gN in T^{Ato)- 
According to Proposition 16.161 we can find /„ e F with {fn)to — and {fn)t & 
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T>{At) for all t E T. Then {fn}neN satisfies the condition in the theorem. In the 
rest of the proof we will use this sequence {/n}neN- 

Since S{Atg) is a compact metric space, Atg C C{S{Atg)) is separable. So by 
Proposition l7.4l we can find a normed space V containing all Vt 's such that for every 
/ e r the map t i-^ ft from T to is continuous at to. For any n e N and t E T 
let y„,t = • • •, (/„) J. Also let Xt = V{At) for all t e T. 

We show first that (iii)=>(i). Let e > be given. Pick N and a neighborhoods^ of 
to for e as in (iii). Then distJ^(Y/v f, Xt) < e throughout U. By shrinking we may 
assume that \\eAt — eto\\ < e and \\{fk)t — (/fe)toll ^ £ for allt eU and 1 < fc < A^. 
Let t G Zi. Then dist^ (YN,t,YN,t„) < e. Hence distn (^t, ^to) < dist]^ {Xt,YN^t) + 
dist^iYN.t,YN.,to) + dist]^(YN.to,Xt,) < 3e. Therefore distoq( A*, ^ J < Se. This 
proves (iii)=>(i). 

(i)=J>(ii) follows from ||SJ). So we are left to show that (ii)=>(iii). Let 6 — 
mm{{12P{Xt„, je))~^, ^)e. Take N so that the set lAf.to is ^-dense in Xtg. Then 
we have dist]^ (IV^tQ , ATj^ ) < 6. Similarly as above there is some neighborhood Z// of 
to such that distH(FAr,f, Y;v,to) < S for all t G U. By shrinking U we may assume 
that distGH(-'^t, ATtJ < S < for all t€l(. Let t e U. Then 

distGH{YN,t,Xt) < distGH(YN,t,YN^to) + distGK{YN,to,Xto) +distGH(^to,-'^0 

< 3(5. 

AlsoP(Xt,ie) < P(Xt„,i£)byLemma[77| So distGH(lw,t, ^t) < e/(4P(Xt, ie)). 
Then Lemma 17.61 tells us that the open e-balls centered at points of Y^^t cover 
Xt. ' □ 

We give one example to illustrate how to apply Thcorem l7.ll Later in Scctionslini 
and 111! we shall use Theorem 17.11 to study the continuity of compact quantum 
metric spaces induced by ergodic actions (Theorem II. 3|) and the continuity of 9- 
deformations ( Theorem ll.4|l . 

Example 7.8. Let ^ be a finite-dimensional real vector space equipped with a 
distinguished element e. Let T be a locally compact Hausdorff space. Suppose that 
for each t G T there is an order- unit space structure on V with unit e. Denote the 
order-unit space for t by (Vt,e) and the norm by || • ||t. If the function 1 1— > is 
continuous on T for each v G V, this is called a continuous field of finite- dimensional 
order-unit spaces by Rieffel |37[ Section 10]. Clearly this fits into our Definition lti.ll 
If there is also a Lip-norm Lt for each t such that 1 1—^ Lt{v) is continuous on T for 
each V EV, then {Lt} is called a continuous field of Lip-norms [371 Section 11]. 
Again, this fits into our Definition 16.41 Rieffel proved that for a continuous field 
of Lip-norms, distq(Vt, Vto) — ^ as i ^ to for each to G T ^3 Theorem 11.2]. By 
Theorem 1 1.1 1 this is equivalent to saying that distoq(Vt, Vtg) ^ as t ^ <o- We use 
Theorem 17. II to give the latter a new proof. 

For later use we consider a more general case. We want to allow V to be infinite- 
dimensional. To still get the continuity under distoq we need stronger conditions. 

Definition 7.9. Let 1^ be a real vector space equipped with a distinguished element 
e. Let T be a locally compact Hausdorff space. Suppose that for each t g T there is 
an order-unit space structure on V with unit e, for which we denote the order-unit 
norm by ]] • ]|t. We call (y, e,{]j • \\t}) a uniformly continuous field of order-unit 
spaces if for any to E T and e > there is a neighborhood U of to such that 
(1 — £)]| • \\to < II ■ lit < (1 -I- £)|| ■ ||to throughout U. Let Lt be a Lip-norm on 
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(y, e, II • ||f ) for each t Cz T. Wc call {Lt} a uniformly continuous field of Lip-norms 
if for any t; G y the function t i— > Lt{v) is continuous, and if for any to Cz T and 
e > there is a neighborhood U of to such that (1 — £)Lto < -^t throughout U. 

Notice that we do not need Lt < {1 + £)Lto. For a continuous field of finite- 
dimensional order- unit spaces (resp. finite-dimensional Lip- norms), by a standard 
compactness argument we can find a neighborhood U of to such that 1 — e < ||w||( < 
l+e (resp. f — e < L'^{v)) for allt GU and v (resp. v) in the unit sphere of {V, \\-\\to) 
(resp. (y, L^^)). Therefore continuous fields of finite-dimensional order-unit spaces 
and Lip- norms are uniformly continuous. The assertion that distoq(Vt, Vtg) ^ as 
t to follows directly from Theorem 17 . II and the next lemma: 

Lemma 7.10. Let (V, e, {|| • ||t}, {Lt}) be a uniformly continuous field of order-unit 
spaces and Lip- norms over T. Denote the order- unit space for t by (Vt, e). Then the 
radius function t i—f is upper semi-continuous over T . Let to G T , and let i? > 0. 
Let {f„},igN be a sequence dense in I?fl(V(o). Then for any e > 0, there is an N 
such that the open e-balls in Vt centered at Vi,---^vn cover I?^(V() throughout 
some neighborhood of <o- 

Proof. Let 1 > e > be given. Let U he a. neighborhood of to such that (1 — e)|| • 
Ik < II ■ lit < (1 + £)ll ■ Ik and (1 - e)Lto < Lt throughout U. Let t e U. Then 
(1 - • Ik, < II • Ik < (1 + ■ Ik, and (1 - < L^. By Proposition El 

\\-\\T,<rv,,K. Thus II -Ik < (l + £)IMko < {l + £)rv,,L^, < T^rv,„L^. Applying 
Proposition l2 . 3l again we see that rvt < jz^fVtQ ■ This shows that the radius function 
1 1-^ rvt is upper semi-continuous. Pick A'^ such that the open e-balls in Vtg centered 
at ui,- • -^VN cover ©/{(VtJ. Let v e VRiVt). Then ||t;|k < ir^ll'i'llt < and 
Ltoiv) < j^Ltiv) < j^. Thus (1 - e)v e PflC^J. Then ||(1 - e)v - vjto < £ 
for some 1 < n < iV. Consequently 

\\v-vn\\t < |K'-(l-£)t'||t + ||(l-e)w-w„||t 

< £\\v\\t + [1 + £)\\il - £)V - VnWtg < £(i? + 1 + e). 

Thus the open (i? -I- 2)£-balls in Vt centered at wi, • • •, vn cover I?fl(Vt). □ 

8. Lip-norm and finite multiplicity 

In this section we prove Theorem 18.31 to determine when an ergodic action of a 
compact group induces a Lip-norm. 

Throughout the rest of this paper G will be a nontrivial compact group with 
identity cq, endowed with the normalized Haar measure. Denote by G the dual 
of G, and by 70 the class of trivial representations. For any 7 G G let x-y be 
the corresponding character on G, and let 7 be the contragradient representation. 
For any 7 € G and any representation of G on some complex vector space V, 
we denote by V^ the 7-isotypic component of V. If is a finite subset of G, we 
also let Vj = X^-ygj^T' and let = {7 : 7 € J}. For a strongly continuous 
action a of G on a complete order-unit space {A, e) as automorphisms, we endow 
A'^ — A (g)R C = A + iA with the diagonal action := L. We say that a is of 
finite multiplicity if mul(j4''-', 7) < 00 for all 7 G G, and that F is ergodic if the only 
a-invariant elements are the scalar multiples of e. 
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We also fix a length function on G, i.e. a continuous real- valued function, on 
G such that 

K^y) < l{x) +l{y) for all x,y e G 
l{x-^) = l{x) for all x G G 
l{x) — if and only if x = eg- 

Remark 8.1. One can verify easily that a length function Z on G is equivalent to 
a left invariant metric p on G under the correspondence p{x,y) — l{x~^y). Since 
every metric on a compact group could be integrated to be a left invariant one, we 
see that a compact group G has a length function if and only if it is metrizable. 

Let ^ be a unital G* -algebra, and let a be a strongly continuous ergodic action of 
G on ^ by automorphisms. In |35| Rieffel defined a (possibly -|-oo-valued) seminorm 
L on A by 

(11) L{a) = sup{^4^^-^ : X e G, x ^ ec}. 

l{x) 

He showed that the set A = {a & Asa. '■ L{a) < oo} is a dense subspace of 
containing the identity e, and that (A, L|A) is a closed compact quantum metric 
space ^3 Theorem 2.3]. In fact, the proof there shows more: 

Theorem 8.2. 35 , Theorem 2.3] Let a be a strongly continuous isometric action of 
G on a (real or complex) Banach space V. Define a (possibly -|-cxi- valued) seminorm 
L on V by Then V :— {v £ V : L{v) < oo} is always a dense subspace of 

V. If = (A, e) is a complete order-unit space and G acts as automorphisms of 
A, then A = {a £ A : L{a) < oo} also contains e, and hence we can identify S{A) 
with S{A). If furthermore a is ergodic and of finite multiplicity, then A with the 
restriction of i is a closed compact quantum metric space, and ta < Jq l{x) dx. 

The aim of this section is to show that the converse of Theorem 18.21 is also true: 

Theorem 8.3. Let a be an ergodic strongly continuous action of G on a complete 
unit-order space {A,e). Define L and A as in Theorem 18. 21 If the restriction of L 
on A is a Lip-norm, then a is of finite multiplicity. 

The intuition is that covering numbers of VriA) increase (fast) as the multiplic- 
ities mul(j4'^, F) increase. Thus the compactness of Vr{A) in ProDOsition l2.3l forces 
mul(A'^,r) to be finite. 

Lemma 8.4. For any finite subset of G and any map ui : J' ^ NU {0}, there is 
a constant Mj^^ > such that for any strongly continuous isometric action a of G 
on a finite-dimensional complex Banach space V with mul(V,7) < ^(7) for ^ £ J 
and mul(F, 7) = for 7 e G \ we have L < M • || onV. 

Proof. Let X be the set of all functions uji : J' ^ N U {0} with uji < lu. Set 
071(7) — niul(y, 7) for all 7 G JT". Let || ■ \\v be the norm on V, and let N = dimV. 
Let VF be a Hilbert space with dimension N. It is a theorem of John 0^1 Proposition 
9.12] that there is a linear isomorphism (/> : V W such that \\4>\\, \\4'~^\\ ^ V^- 
Define an inner product, <,>*, on 1/ by < u, w >*= < 4>{ax{u)),4>{ax{v)) > dx. 
Then <,>* is G-invariant. Let || • \\^ be the corresponding norm. Since a is 
isometric with respect to || • for any v £ V we have = |j0(aa:(w))|p dx < 



ORDER-UNIT QUANTUM GROMOV-HAUSDORFF DISTANCE 



29 



II'^II'/gII"-(«)IIv''^-^ = ll'^ll'lkllv- < ^Ml- Thus II • II, < ^11 • ||y. Similarly, 



For each 7 e G fix a Hilbert space H-y with an irreducible unitary action of 
type 7. Let H be the Hilbert space direct sum (B-y^j equipped with the 

natural action /3 of G. By Theorem 18. 21 L is finite on a dense subspace of H. Since 
H is finite dimensional, Lh is finite on the whole H. Clearly there is a constant M 
such that Lh < M\\ ■ ||h on H. 

Since (V, <, >*) has the same multiplicities as does H, there is a G-equivariant 
unitary map ip : (V,<,>,) H . Then for any v & V and x g G we have that 



= <^Mv) - /3.((^(«))||h <M-^- l{x)y{v)\\n 
= M ■ l{x)\\v\\^ < M ■^/N ■ l{x)\\v\\v. 

Let M'j^^^ ^ M-VN. ThenLy < A'fj,^||-||y onF. ThusMj^^ := l+max{M^ 
ivi e X} satisfies the requirement. 

In particular, let be the constant Mj^^ for J = {7} and 07(7) = 1. 



We shall need a well-known fact (cf. the discussion at the end of page 217 of 
|41| . noticing that 6 can be 1 in Lemma 2 when Ei is finite-dimensional): 

Lemma 8.5. For any (real or complex) normcd space V there is a sequence 
pi,P2, ■ • ■ in the unit sphere of V, with length dim{V) when V is finite-dimensional 
or length 00 otherwise, satisfying that ||pm— g|| > 1 for all m and all q G spanjpi, • • •, 

Prn-l}- 

Lemma 8.6. Let a be a strongly continuous isometric action of G on a complex 
Banach space V, and let 7 e G. Then there is a subset X C I?i/Af^(V") = {w G 
V : L{v) < 1, Ikll < 1/Mj}, with mul{y, 7) many elements when mul(y,7) < 00 
or infinitely many elements otherwise, such that any two distinct points in X have 
distance no less than 1/My. 

Proof. Fix a Banach space with an irreducible action of type 7. We have 
Vy = (B'^^I^^''^'^ Vj with G-equivariant isomorphisms (pj : — > Vj. Take a nonzero 
u in Hj, and let W = spa,ii{(p j{u)}j. Then for any nonzero v in V', v is "purely" 
of type 7, i.e. the action of G on span{axiv)}xi£G is an irreducible one of type 
7. By Lemma [8.51 we can find a subset Y in the unit sphere of W, with dim(W) 
many elements when W is finite-dimensional or infinitely many elements otherwise, 
such that any two distinct points in Y have distance no less than 1. According 
to Lemma 18.41 any element in the unit sphere of W has L no bigger than . 



For a set S and a subset X of 5 we say that X is an n-subset if X consists of 
n elements. For 91,(72 > 2 let N{qi,q2;2) be the Ramsey number |2H1, i-e. the 
minimal number n such that for any set S with at least n elements, if the set of all 
2-subsets of S is divided into 2 disjoint families Yi and Y2 ("colors"), then there 
are a j and some g^-subset of S for which every 2-subset is in Yj . Consequently, for 
any set 5* with at least n elements, if the set of all 2-subsets of S is the union of 2 
(not necessarily disjoint) families Ti and T2, then there are a j and some -subset 
of S for which every 2-subset is in Tj . 




Therefore Y/M^ C Vj^/m^{V). 



□ 
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Lemma 8.7. Let a be a strongly continuous action of G on a complete order- 
unit space {A, e) as automorphisms. Suppose that for some 7 G G \ {70} and 
q > 0, mul(^'^,7) > N{q,q;2). Then for any < e < l/{4Mj) we have that 
Cov{Vi/M^{A),s)>q. 

Proof. Since A — Ai-is_{S (A)) , we can identify with Aic{S{A)), the space of 
C-valued continuous afhne functions on S(A) equipped with the supremum norm, 
and hence A^ becomes a complex Banach space whose norm extends that of A. 
Notice that the action a corresponds to an action a' of G on S{A). Then clearly 
a"' is isometric and strongly continuous with respect to this norm. 

According to Lemma 18.61 we can find a subset X C Vi/m^, (A^), with mu^^"^, 7) 
many elements when mul(v4'^,7) < 00 or infinitely many elements otherwise, such 
that any two distinct points in X have distance at least l/M-^. Then \X\ > 
N{q,q]2). For any distinct ai + ia2, bi + ib2 G X with aj,bj G A, we have that 
||(ai + 102) - (61 + j62)|| > and hence |ai - 6i| > 1/{2M^) or \a2 - 62I > 

1/(2M^). Denote by X^^) the set of ah 2-subsets of X. Let Tj = {{ai + 102, bi + 
ib2} gX(2) : |aj -6j | > 1/(2M^)}. ThenTiUr2 = X^^). So there are a j and some 
g-subset X' of X for which every 2-subset is in Tj. Let Y = {aj : ai + ia2 G X'}. 
Clearly Y is contained in 'Di/m-, {A) and any two distinct points in Y have distance 
at least 1/(2M^). 

Let < £ < l/(4M-y). Suppose that pi, • • G Vi/M^i-^) and the open e-balls 
centered at pi, • • cover 'Di/]y,j_^{A). Then each such open ball could contain at 
most one point in Y. So k > \Y\ — q, and hence Cov(I?i/^/^ (^), e) > q. □ 

Proof of Theorem \8.'A Suppose that mul(^'',7) — 00 for some 7 G G. For any 
< e < l/(4M-y) by Lemma lO we have Cov(I?i/m^ (A), e) = 00. Therefore 
T^i/M {A) is not totally bounded. By Proposition 12. 3| L is not a Lip-norm on 
A. □ 

It should be pointed out that there do exist examples of ergodic strongly contin- 
uous action of G on a complete unit-order space {A, e), for which mul(A''', 7) = 00 
for some j £ G. We shall give such an example in Sectional 



9. Compactness and bounded multiplicity 

In this section we investigate when a family of compact quantum metric spaces 
induced from ergodic actions of G is totally bounded. 

In the discussion after Theorem 13.5 of |SZI Rieffel observed that the set of 
all isometry classes of compact quantum metric spaces (for given I) induced from 
ergodic actions of G on unital G* -algebras is totally bounded under distq. In fact, 
the argument there works for general ergodic actions of G on complete order-unit 
spaces: 

Theorem 9.1. [671 Section 13] Let 5 be a set of compact quantum metric spaces 
{A,L) induced by ergodic actions a of G on ^ for a fixed I. Let mul(iS,7) = 
sup{mul(A^, 7) : (A, L) G S} for each 7 G G. If mul(5, 7) < 00 for ah 7 G G, then 
S is totally bounded under distq. 

We show that the converse is also true: 
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Theorem 9.2. Let 5 be a set of compact quantum metric spaces {A, L) induced 
by ergodic actions a of G on A for a fixed /. If 5 is totally bounded under distq, 
then mul(5, 7) < oo for all 7 e G. 

Proof. Suppose that S is totally bounded. For any R > J^l{x)dx, by Theo- 
rems and Lemma ICTl we have that sup{Cov{'Dji{A), e) : {A,L) e S} < 
00 for all £ > 0. Taking R > max(Jg, Z(a;) da;, 1/M^), by Lemma l5.ll we get 
sup{Cov(2?i/M.^ (A), e) : {A, L) e S} < 00 for all e > 0. Let 

M = sup{Cov(I?i/M,(A), l/(5Af^)) : [A, L) e S}. 

Then Lemma lO tells us that mul(5, 7) < N{M + 1, M + 1; 2). □ 

It should be pointed out that there do exist ergodic actions of G on complete 
order-unit spaces with big multiplicity: 

Example 9.3. Let {{Aj, Lj)}j^i be a family of compact quantum metric spaces 
induced by ergodic actions aj of G on {Aj,ej). Also let r/j{a) = /g,(aj)a:(a) be 
the unique G-invariant state on Aj and Vj = ker(?7j). Then Aj = Wej(BVj as vector 
spaces. As in Section 12 of 37 , consider Aj the subspace of the full product 
which consists of sequences {aj} for which ||aj|| is bounded. This is a complete 
order- unit space with unit e — {cj}. Consider the reduced product 11'^'' — 
{{aj} e n ^3 ■■ Vjiaj) = Vk{ak) for aU j, k e I}. Then J] 

is a closed subspace 

in Aj, and is also a complete order-unit space. Clearly Y[^^ = Re Yl'' as 
vector spaces. The actions aj of G on the components Aj give an isometric action on 
Yl^ Aj, which we denote by a. Although a is not ergodic on JJ^ Aj, it is on Aj 
because of the above decomposition as a direct sum. By the natural G-equivariant 
embedding Aj ^ H^'^j: see that mul((n'^'' ^j)*^, 7) > X^je/ n^ul(Aj^, 7) for 
every 7 e G\ {70}. 

In general, a may not be strongly continuous on Jl'^^'^j- ^^^^ there are two 
special cases in which it is strongly continuous: 

(1) . When {Aj, Cj) and aj are all the same and finite dimensional, say {Aj, Cj) = 
{A, e). Then A = A and there is some constant M > such that L < M\\ ■ \\ on A. 
Therefore \\a- {aj)^{a)\\ < L{a)l{x) < M\\a\\l{x) for all a G A and x e G. Then it 
is easy to see that a is strongly continuous on Y\^^ Aj . It is standard that in 
the left regular representation of G on G(G) the multiplicity of each 7 S G equals 
dim(7). For a finite subset J <ZG and any a+ia' G C{G), clearly a+ia' E {C{G))j 
if and only if a - ia' G {C{G))j. Therefore \i J ^ J and 70 G J, then {C{G))j is 
closed under the involution and contains the constant functions. Hence ((G(G))j)sa 
is a complete finite-dimensional order-unit space and {C{G))j — {{{C{G))j)saf"- 
Taking / = N and A = ((G(G))^)sa, we get mul((n''^ ^j)*^, 7) = 00 for every 
7 G \ {70} as promised at the end of Section |H1 

(2) . When / is finite, a is always strongly continuous on n'^''^j- particular, 
take A = (G(G))sa, and Aj = A for all j G /. Since mul(^'--,7) equals dim(7) for 
all 7 G G, we see that mul((J|'^^ ^j)^7 7) could be as big as we want for any 7 7^ 79. 
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10. Continuous fields of compact quantum metric spaces induced by 



In this section we study continuous fields of compact quantum metric spaces 
induced by ergodic actions, and prove Theorem II. 31 In Examples IIP. Ill and 110.121 
we use Theorem ll .Hl to give a unified treatment of the continuity of noncommutative 
tori and integral coadjoint orbits, which were studied by Rieffel before. 

Rieffel has defined continuous fields of actions of a locally compact group on 
C*-algebras j33. Definition 3.1]. We adapt it to actions on order-unit spaces: 

Definition 10.1. Let ({At},r) be a continuous field of order-unit spaces over a 
locally compact Hausdorff space T, and let at be a strongly continuous action of G 
on At for each t ^T. We say that {at} is a continuous field of strongly continuous 
actions of G on ({^t},r) if the action of G on Too is strongly continuous, where 
Too {/ G r : the function t n- ||/(|| vanishes at oo} is the space of continuous 
sections vanishing at oo. If each at is ergodic, we say that this is a field of ergodic 
actions. If each at is of finite multiplicity, we say that this is sl field of finite actions. 

Remark 10.2. For a continuous field ({^t}, F) of order-unit spaces over a compact 
Hausdorff space T, it is easy to see that F is a complete order-unit space with the 
unit e and the order defined as / > g if and only if ft > gt for all t € T. Then 
the natural projections T ^ At become order-unit space quotient maps. According 
to the discussion right after Proposition 12.31 we may identify S{At) with a closed 
convex subset of 5'(F). From the definition of the order in F it is easy to see that 
the convex hull of the union of all the S'(^t)'s is dense in ^(F). If we identify 

At and F"' with Afc(S'(^t)) and Afc(S'(F)) respectively, then they are endowed 
with complex vector space norms and ||/ + i.9|| ~ sup{||/t + igt\\ '. t Cz T} for all 
f + ig & F"'. When we talk about At and F"- as complex Banach spaces, we always 
mean these norms. If (at) is a continuous field of strongly continuous actions of G 
on ({At}, F), then the action of G on F"' is easily seen to be also strongly continuous. 

For a continuous field of strongly continuous finite ergodic actions of G on order- 
unit spaces, obviously we get a field of compact quantum metric spaces. Theo- 
rem ll.3l indicates that this is indeed a continuous field, as one may expect. However, 
as Theorems 11.21 and 17.11 indicate, a,s t ^ to the corresponding compact quantum 
metric spaces do not necessarily converge to that at t^. We give a trivial example 
here: 

Example 10.3. Take a complete order-unit space A with a nontrivial ergodic 
action of G with finite multiplicity (for example, (C(G'))sa with the left regular 
representation of G). Let T = [0, 1]. Then we have the trivial field ({^t }, F^) with 
A\ = A for all t G T. The action of G on F^ is clearly strongly continuous. Now we 
take the subfield {(A), F) with A^ ^ A for all < t < I and = Re^. The action 
of G restricted on F is still strongly continuous. But r^^ = and r^^ = > for 
all < i < 1. So distoq(At, ^o) = distoq(A, Me^) does not converge to as t ^ 0. 

Notice that in the above example the multiplicities degenerate at to — 0. Theo- 
rem II. 31 tells us that this is exactly why we do not get distoq{At , Ao) — > 0. 

We start to prove Theorem 11.31 We show first that the multiplicity function 
1 1— > mul(At ,7) is lower semi-continuous. This shows (ii)=>(i) in Theorem II. 31 
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Lemma 10.4. Let ({Vt},r) be a continuous field of (real or complex) Banach 
spaces over a locally compact HausdorfF space T. For any /i, • • •, /m G L the set 
Ind(/i, • • •, /„) {t e T : ((/i)t, • • •, (/m)t) are linearly independent} is open. 

Proof. Let to G Ind(/i,- • •,/„). Then for any i € T the map (/j)to i-^ {fj)t, j = 
1, • • •, TO, extends uniquely to a linear map ipt from W := span{(/i)tp , • • •, (/m)to} to 
Vt ■ Notice that for any v G W the section t^ipt [v) is in F. A standard compactness 
argument shows that there is a neighborhood U of to such that \ < \\(pt{v)\\ for all 
t € U and V in the unit sphere of W. In particular, ipt is injective throughout U. 
Thus (/i)t, • • •, (/m)t are linear independent throughout U. □ 

We shall need the following well-know fact several times. We omit the proof. 

Lemma 10.5. Let G be a compact group. Let a be a continuous action of G on 
a complex Banach space V. For a continuous C-valued function tp on G let 



for V V. Then : V —i- V is a continuous linear map. If is a finite subset of 
G and if c/j is a linear combination of the characters of 7 £ i7, then a^{V) C Vj. 
Let 



(When J7 is a one-element set {7}, we will simply write a-y for a^-^j.) Then a j{v) = 
V for all V e Vj, and aj{v) ~ for all v E Vy with j E G \ J^. 

Lemma 10.6. Let {at} be a continuous field of strongly continuous actions of G on 
a continuous field of order- unit spaces ({Af }, F) over a compact Hausdorff space T. 

Then for any ^ E G the multiplicity function (possibly +oo-valued) 1 1— > mul(At , 7) 
is lower semi-continuous over T. For any finite subset oi G and v E {At )j we 
can lift w to / in T'j. If furthermore J — J and v is in ylj, we may take / to be in 
F. 

Proof. Let a be the action of G on F. Suppose that wi, • • -^Vm are linearly inde- 
pendent vectors in {At )j. Let /i, • • •, /m, be lifts of fi, • • •, in F''. Let aj- and 
{a^)j be the maps for a"' and af as defined in Lemma flO.51 Let fj = a^{fj). 
Then /i,- • •,/„ are in Tj. Since the projection F"' —> 'Sf' is G-equi variant, by 



m Lemma 3.3] we have (a^(/,))t = (af ) Thus (/,)t = («S(/j))t = 

By Lemma |l(J. 41 (/i)t', • ■ ■, (/,«)*' are linearly independent in some open neigh- 
borhood U of t. Since /, E Fg-, e (^'^) j for aU t' e T. Taking J = {7}, we 



get the lower semi-continuity of the multiplicity function. 

If furthermore J = J and v\^- ■ -^Vm are all in Aj, we may take fi, ■ ■ .fin to 
be all in F. Notice that aj = a^, where (p = ^^^j dim(7)x^. Since the function 
X I— > {J^'y^j dim(7)x^)(a;) is real- valued in this case, we see that /i, ■ ■ fm are also 




aj — aj^ 



dim(7)x^ ■ 



in F. 



□ 



Next we show that there are enough Lipschitz sections. Recall that a vector 
/ G F"' is called G-finite if the linear span of its orbit under a is finite dimensional. 
We will show that the Lip-norm function t 1-^ Lt{ft) is continuous for G-finite /. 
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The case of this for quantum tori is proved by Rieffel in Lemma 9.3 of [37] . Our 
proof for the general case follows the way given there. 

Lemma 10.7. Let (at) be a continuous field of strongly continuous actions of G 
on a continuous field of order-unit spaces ({Af }, F) over a compact Hausdorff space 
T. Then for any G-finite f £ the function t Lt{ft) takes finite values and is 
continuous on T. 

Proof. Let L be the seminorm on P"' defined by (|f f |l . Let / e F"' be G-finite. By 
Theorem l8.2I Z/ takes finite value on a dense subspace of span{aa;(/) : x G G}. Since 
span{a2:(/) : x € G} has finite dimension, L is finite on the whole span{aa;(/) : x £ 
G}. It is clear that L{f) ~ supjgj^ Lt{ft)- So i i— > Lt{ft) is a real-valued function. 
Let 

Df^{{a.,{f)-f)ll{x):x^eG}. 

Then sup^g^,^ \\g\\ = L{f). So Df is a bounded subset of the finite dimensional 
space span{a2;(/) : x G G}, and hence totally bounded. 

For g e F*^, let Fg{t) = \\gt\\ on T. Then clearly \\Fg ~ Fh\\oo < \\g - h\\, and 
hence as a map from F*- to G(T) is Lipschitz. Therefore F{Df) is totally bounded 
in C{T). By the Arzela-Ascoli theorem F{Df) is equicontinuous. Since the 
supremum of a family of equicontinuous functions is continuous, we see that the 
function [t ^ Lt{ft)) = supg^jj^ F{9) is continuous on T. □ 

The next lemma generalizes Lemmas 8.3 and 8.4 of |37| . 

Lemma 10.8. For any e > there is a finite subset J — J m. G, containing the 
class of the trivial representations, depending only on / and e, such that for any 
strongly continuous action a on a complete order-unit space A and for any a G A, 
there is some a' G := A n {A^)j with 

lla'll < ||a||, L{a')<L{a), and |la - a'|| < ei(a). 

Proof. The complex conjugation is an isometric involution invariant under a. By 
|27| Lemma 4.4] it suffices to show that for any linear combination of finitely 
many characters on G we have Loa^p < \\(p\\i ■ L on A^, where is the linear map 
on A"^ defined in Lemma [10.51 Notice that ip is central. Then it is easy to see that 
a^p is G-equi variant. Thus for any b e A^ and a; € G we have 

\\a^{b) - a^{a^{b))\\ = \\a^{b) - a^{Lp^{b))\\ < \\ip\\i ■ \\b - f^{b)\\ 

< iix)Mim. 

Consequently, L{a^{b)) < \\ip\\iL{b). □ 

We are ready to prove Theorem 1 1.31 

Proof of Theorem \l.!A Since the conditions in Definition 16.41 and (i)-(iii) in Thco- 
rem ll.3l are all local statements, we may assume that T is compact. By Lemmas llO.fil 
and 110.71 the set of G-finite elements in At is contained in F^. Lemma fl0.8l tells 
us that the restriction of Lt on the set of G-finite elements determines the whole 
of LI — Lt- Thus the induced field ({(^t, Lt)}, F) is a continuous field of compact 
quantum metric spaces. (ii)^=>(i) follows from Lemma |l 0.61 Let R > JqI{x) dx. 
By Theorem 18.21 R > rAt for all t G T. We will pick a special sequence /„ in F in 
order to apply Theorem l7.1l 
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As indicated in Remark lS.ll G is metrizable and hence L^{G) is separable. Since 
every 7 S G appears in the left regular representation, G is countable. Then we 
can take an increasing sequence of finite subsets J\ ^ J2 ^ ■ ■ ■ of G such that 
70 G Ji, Jfe = G, and 'Jk = Jk for aU k. Clearly a + ia' e {Af)j^ if and 
only a-ia' e {At )j, . Let (Af ) j-, ^ AtH {At )j, . Then {At)j, spans {At )j, as 

a complex vector space. Let mt — dim{{Atf^ )jk)- Let and F^" be the set of 
G-finite elements in At and F respectively. Then we can find a basis (61, 62, • • ■ ) of 
A^^ such that hi = CAtg and (61, • • - ,6™^) is a basis of {Atg)j^ for all k. Let TTt be 
the projection T ^ At. 

Lemma 10.9. There exists a G-equivariant linear (probably unbounded) map 
(fi : Af^ — > F^" such that Lp{eji^^) — e and (p is a. right inverse of ntg, i.e. iTtg o if is 
the identity map on Af^. 

Proof. Let (p : Af^^ ^ F be a linear right inverse map of TTt^ with (j){eAtg) = e- For 
any a G Af^ its G-orbit {{ato)x{b) ■ x S G} is contained in a finite dimensional 
subspace of At^. Thus /^.(ax o 0o {atQ)x-i){a) dx makes sense. It is standard j7| 
page 77] that ip = J^a^ o cf) o {atg)^-^ dx is a G-equivariant linear map from Af^ 
to F. Clearly 1^(6^1^^ ) = e. For any b € Af^ we have 

^toi^ib)) = T^to{ {axO(j)o{ato)x-i){b)dx) = {T:t„oaxO(j)o{ato)x-^){b)dx 
Jg Jg 



{{ato)xO T^to° {ata)x-^){b)dx ^ I {{at„)x o {ata)x-^){b) dx 

G JG 
= b. 

Thus tp is also a right inverse of ■nta • D 

Take a dense sequence {a„ : n e N} in 2?ij(A^") such that {a„ : n g N} n 
T^R{{^to)jk) is dense in r»i?((AtJjJ for all fc. By Lemma [TUl the set VR{Af^) is 
dense in ^^{Ato). Consequently, so is {a„ : n e N}. For each n let /„ ~ (p{an). 
Then /„ € F and {fn)to = Let ipt = iit o ip. Let 5„ = ip{b„), and let (14)fc = 
ipt{{At„)j^). Since <y9t is G-equivariant, {Vt)k is contained in {At)j^. Now we apply 
Theorem 17. II to these /„'s. 

Suppose that (i) holds. Let e > be given. By Lemma 110.81 there is some k 
such that 'Dif {{At)j^) is |-dense in 'Dii{At) for all t gT. Then there is a neighbor- 
hood Ui of to such that dim{{At^)j^) = diin{{Atg''")j^) and hence dim((^t)j^,) = 
dim{{Atg) ji.) for all t E Ui. According to Lemma ll(J.4l there is some compact 
neighborhood U2 Q lAi of <o such that (51)4, • • •, {gmk)t are linearly independent in 
At for all t £ U2. Then {g\)t, ■ ■ •, {gmk)t is a basis of {At)j^ for all t e U2. Take a 
real vector space V of dimension with a fixed basis wi, • • •, Wmj. . For each t G U2 
let ipt '. V {At)j^, be the linear isomorphism determined by 'Pt{vj) = {gj)t for 
all 1 < J < m-fc. Then V gets an order-unit space structure and a Lip- norm for 
each i € by identifying F and {At)j;, via V't- Lemma flU.7l tells us that this is 
a continuous field of finite-dimensional order-unit spaces and Lip-norms as defined 
in Example 17.81 Let {/n^jsgN be the subsequence of {fn}neN whose image under 
TTtg is contained in {At„)j^. Then {/n^jseN is dense in 'Dj^{{At„)j^), and we can 
apply Lemma I7.1UI to {/nslssN- So there are a neighborhood U C ^2 of to and 
some 5 S N such that the open |-balls in {At)j^ centered at {fm)t,- ■ ■,{fns)t 
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cover T>ii{{At)j^) for all t E U. Consequently, the open e-balls in At centered at 
(/i)ti • • '7 {fns)t cover VrIAi) for all t eU. By Theorems 17. II and II . II we get (ill). 

We proceed to show that (iii)=>(ii). Suppose that (ill) holds. Let 7 g G. 
Say, 7 £ Jk- Let {at)jk ■ At (At be the continuous map defined in 
Lemma CnSl^hen \\{at)jA\ < M, Eyej, dim(7')||Xy Since Jk = Jk, 
{at)jf. maps At into {At)j^. Let e be a positive number which we shall choose 
later. By Theorems 17. II and 11.11 there is a neighborhood U of to and some N such 
that the open e-balls in At centered at {fn)t,n' = • 'i-^i cover T>j^{At) for all 
t E U. Then the open Afie-balls in At centered at {ctt)jk{{fn)t),n — 1,---,N, 
cover 'Dii{{At)jJ for aU t E U. Notice that (a*) ((/„)t) = V't((ato)j'fc is 
contained in {Vt)k for all n. 

Suppose that mul(v4t ,7) > mul(74t|-,'', 7) for some t. Since ipt is G-equivariant, 
we have mul((Vt)''', 7) < imx\{ At^^ ,^). So we can find & u iri At \ (Vj)"' such that 
the complex linear span of {{at)x{'U') ■ x E G}, the G-orbit of u, is irreducible 
of type 7. Say u = u' + iu" with u' ,u" E {Atj)jf,. Let W be the sum of {Vt)k 
and the real linear span of the G-orbits of u' and u" . Then W ^ {Vt)k- Clearly 
wA{W^,i) = for aU 7' G G \ Jfe and mul(l^^,7') < mul(A;;;^, 7') + 2 for aU 
7' in Jk- Let w : J/j ^ N be the function 0^(7') = Ttm\{Ato i7') + 2 for all 7' 
in Jk- Let M2 be the constant Mj^^^ in Lemma 18.41 Then Lt < M2II • || on 
W"^. Pick a vector in W/{Vt)k with norm min(jg^,i?) and lift it up to a vector 
V in W with the same norm. Then \\v — a\\ > mm{^,R) for all a E {Vt)k and 
Lt{v) < M2||w|| < 1. So w g I?i{(At). Thus if we choose e small enough so 
that min( jg^,i?) > Mi ■ e, then mu\{At ,7) < mul(Ato ,7) throughout U. This 
completes our proof of Theorem 11.31 □ 

Remark 10.10. Based on Lemmas 110.71 and 110.81 one can also prove (i)=^(iii) 
along the lines Rieffel used to prove the continuity of quantum tori 37, Theorem 
9.2]. 

Example 10.11 (Quantum Tori). Fix n > 2. Denote by Q the space of all real 
skew-symmetric n x n matrices. For 9 E O, let Ae be the corresponding quantum 
torus jS21l^- It could be described as follows. Let uig denote the skew bicharacter 
on Z" defined by 

For each p e Z" there is a unitary Up in Ae . And Ae is generated by these unitaries 
with the relation 

UpUq = a;e(p, q)up+q. 

So one may think of vectors in Ae as some kind of functions on Z" . The n-torus 
T" has a canonical ergodic action ae on Ae- Notice that Z" is the dual group of 
T". We denote the duality by (p, x) for a; S T" and p G Z". Then ae is determined 

by 

ae,x{^p) = {p,x) Up. 

Fix a length function on G = T" . Let Lg and Ag be as in Theorem 18.21 for the 
order-unit space {{Ag)sineAe)- Then {Ag,Lg) is a compact quantum metric space. 
Rieffel showed that for each 60 E Q we have distc^{Ag , Ae^) a.s 9 ^ 9o |SZI 
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Theorem 9.2]. Here we give a new proof using Theorems 11.31 and 11.11 By 
Corollary 2.8] the sections 9 i-^ Up, where p runs through Z", generate a continuous 
field of C*-algebras {{A9}, T) over 6. Notice that for any a; S T" and p e Z" the 
section 9 i— > ae,x(wp) = (p, x) Up is also in F. Then it is easy to see that {ag} is a 
continuous field of strongly continuous ergodic actions. For each p G Z" = T" and 
9 G Q, the multiplicity oi p in ag is one. Then Theorems 11.31 and 11.11 imolv that 
distq{Ag,Ag„) -> as 6* ^ 6*0 for all 6*0 € 0. 

Example 10.12 (Integral Coadjoint Orbits). Let G be a compact connected Lie 
group with a fixed length function. Choose a maximal torus of G and a Cartan- 
Weyl basis of the complexification of the Lie algebra of G. Then there are bijective 
correspondences between equivalence classes of irreducible unitary representations 
of G, dominant weights, and integral coadjoint orbits of G |Zj O Section IV]. Let 
0\ be an integral coadjoint orbit corresponding to a dominant weight A. Then the 
restriction of the coadjoint action of G on 0\ is transitive and hence the induced 
action ao on G{0\), the algebra of C- valued continuous functions on Ox, is ergodic. 
So we have the compact quantum metric space (Aq, Lq) defined as in Theorem 10 
Also let Hn be the carrier space of the irreducible representation of G with highest 
weight nX. Then the conjugate action ai/„ of G on B{Hn), the algebra of bounded 
operators on _ff„, is ergodic. Let (Ai/„,Li/„) be the corresponding compact quan- 
tum metric space defined as in Theorem l8.2l Using the Berezin quantization, Rieffel 
proved that when G is semisimple, distq(y4.i/„, Aq) ^ as n —> 00 |38l Theorem 
3.2]. This means that the matrix algebras B{Hn) converges to the coadjoint orbit 
0\ as n ^ 00. Here we give a new proof using Theorems 11.31 and 11.11 Let P„ be 
the rank-one projection of B{Hn) corresponding to the highest weight n\. For any 
a € B{Hn) its Berezin covariant symbol 01^, Ca, is defined by 

where x £ G and tr denotes the usual (un- normalized) trace on B{Hn). There is 
a natural G-equivariant homeomorphism from the orbit GP„ of P„ (in the projec- 
tive space) under ai/„ onto the coadjoint orbit OnX Proposition 4]. Dividing 
everything in On\ by n, we may identify GP„ with 0\. It is evident that ctq 
could be viewed as a continuous function on GP„ = 0\. One can check easily 
that a I— > ctq gives a unital, completely positive, G-equivariant linear map cr„ from 
B{Hn) to C{0\). Endow 0\ with the image of the Haar measure on G, which 
is a probability measure invariant under ao. Then C{Ox) has an inner product 
as usual. Clearly this inner product is invariant under ao- Using the normalized 
trace on B{Hn), which is invariant under a±, B{Hn) has the Hilbert-Schmidt inner 
product. Then tT„ has an adjoint operator, (T„, from C{0\) to B{Hn). For any 
a £ B{Hn) a function / e C{0\) with = a is called a Berezin contravariant 

symbol |31 1^ for a. It is easy to see that (t„ is unital, completely positive and 
G-equivariant. Since unital completely positive maps are norm-nonincreasing [231 
Lemma 5.3], f7„ is norm-nonincreasing. In |24| Landsman proved that the sections 
given by these (T„(/)'s, where / runs through C{Ox), generate a continuous field of 
G*-algebras over T' = {i : n e N} U {0} with fibres P(7J„) at ^ and CiOx) at 0. 
In fact. Landsman proved that this is a strict quantization of the canonical sym- 
plectic structure on 0\, though we do not need this fact here. Using the fact that 
an is G-equivariant and norm-nonincreasing, it is easy to check that the q;j.'s and 
ao are a continuous field of strongly continuous ergodic actions of G. When G is 
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semisimple, it is known that the maps cr„ are ah injective [481 Lemma A. 2.1] [881 
Theorem 3.1]. Then for each 7 e G we see that mul(i3(iJ„), 7) < mul(C(C'A), 7)- 
So Theorem II .31 and II . II tell us that distq(j4i/„, ^0) ^ as n 00. 

11. Continuity of 0-deformations 
In this section we prove Theorem II. 41 

We use the notation in [271 Sections 3 and 5] . Let us explain first some convention 
used in the statement of Theorem 1 1.41 C°°(Me) is a locally convex *-algebra, and 
has a natural *-homoniorphism into C{Mg) (see the discussion after Definition 
3.9 in '^). Let We be the image of (C°°(M9))sa under the map ^-g. 27, Theorem 
1.1] tells us that {C{Mg), Lg) is a C*-algebraic compact quantum metric space. This 
means that {Wg, Lg\wg) is a compact quantum metric space. Since the map ^'e is 
injective [271 Lemma 3.10], we may identify C°°{Mg) with its image *e(C°°(Me)). 
In this way {C°° {Mg))se, is identified with Wg, and Lg has a restriction on C°°{Mg), 
which we still denote by Lg in the statement of Theorem II. 41 In order to make the 
argument clear, in the rest of this section we shall still distinguish C°°{Mg) (resp. 
(C°°(Me))sa) and -^giC^iMg)) (resp. Wg). 

Let ({y^e},r) be the continuous field of C*-algebras over <d in Example 110.111 
We shall also see later, after Lemma Fl 1.11 that the elements in C{M, Cf'M) ®aig T 
generate a continuous field of C*-algebras ^151 over 8 with fibres C{M, Cl'''^M)(^Ag. 
Let {{C{Mg)},T^'') be the subfield with fibers C{Mg). 

Lemma 11.1. There exist a C* -algebra B and faithful *-homomorphisms (pg : 
Ag ^ B such that for every f £T, the ;B- valued function 9 1— > 4>g{fg) is continuous 
over 0. 

Proof. Every unital C*-algebra admitting an ergodic action of T" is nuclear |29l 
Lemma 6.2] Proposition 3.1]. Thus Ag is nuclear. 

Notice that Ag is isomorphic to Ag+M naturally for any skew-symmetric n x n 
matrix M with even integer entries, by identifying the corresponding Uq. So we 
may think of ({^6(},r) as a continuous field over the quotient space of Q by all 
the skew-symmetric n x n matrices with even integer entries. This quotient space 
is just a torus of dimension '^^"~^'> , Now our assertion follows from the result of 
Blanchard S Theorem 3.2] that every separable unital continuous field of nuclear 
C* -algebras over a compact metric space has a faithful *-homomorphism from each 
fibre into the Cuntz algebra O2 such that the global continuous sections become 
continuous paths in 02- O 

Via identifying Ag with (j)g{Ae) we see that the continuous field ({^0},r) be- 
comes a subfield of the trivial field over Q with fibre B. Then the elements of 
C{M, Cf-'M) (daig r are continuous sections of the trivial field with fibre 
C{M,Cl'^M) (g) B. So they generate a subfield of the trivial field with fibres 
C(M, CfM)(S>Ag. 

Now we need to distinguish the norms for elements of the form X]^=i Vqj ® ^qj 
at different 6. For this we let \\ ■ \\e denote the norm of C(M, CFM) (g) Ag. 

Let J he a finite subset of Z" = T" such that J = J and 70 G J . For any q £ Z"^ 
let {C{Mg))q be the g-isotypic component of C{Mg) under the action a = I ®t, 
and let {C°°{M))q be the g-isotypic component of C°°{M) under the action a as in 
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|27l Section 6], where r and a are the actions of T" on Ae and C(M) respectively. 
Similarly we define {C(Me))j and (C°°(M))j. By [23 Lemma 6.2] we have 

{C{Mg))j r\Wg = {Y,{C°^{M)\ ® UgU. 

qeJ 

Let V = {Ylq(ij{C°°{M))q (g) M,)sa, and let e = 1m ® %o- Then (y, e) gets an 
order-unit space structure from {{C{Me))sa.,e.). Clearly the restriction of || • ||e is 
exactly the order- unit norm. Denote by (Ve,e) this order- unit space. For each 
S O, by Proposition 1^31 the restriction of Lg to Vg is a Lip-norm with rvg < r^g. 

Lemma 11.2. (V,e,{|| • ||e|y}, {-^elv}) is a uniformly continuous field of order- 
unit spaces and Lip-norms over (see Definition l7.9|l . For any v the function 
9 Lgiv) is continuous over 0. 

Proof. Let v . Say v — J2q£j ® -I^y Corollary 5.7] we have 

(12) Le = L"" 

on C{Mg), where was defined in (23 Definition 5.3]. Recall that for any / e 
C°°{M) we have |23 Lemma IL5.5] 

(13) [D, f] = rf/ as linear maps on C°°(M, S), 

where d/ G C°^{M,T*M^) C C°^{M,CfM) acts on C°°(Af,S') via the left 
C°°(M, CZ^Af)-module structure of C°°(Af, 5). Then 

qeJ qeJ qeJ 

(14) = \\^[D,Vq]®Uq\\g = \\^{dVq)®Uq\\g. 

qeJ q&J 

Therefore the function 9 i-^ Lg{v) is continuous over O. As in the proof of [271 
Lemma 4.6] we have that 

Lg{vq (g) Uq) < Lg{v) and l|w<; Wgjje < 

for aU g e Z". 

Let 9o £ Q, and let £ > be given. Since for each q the map 9 i-^ 4>g{uq) from 8 
to B is continuous, there is some neighborhood U of 9o such that J2qej \\4'e{uq) — 
(t)go{uq)\\ < e throughout U. Let 9 eU. Then for any ZqS in C{M,CfM) with 
q (z and \\zq\\ < 1 we have 

11 (/ (g) MiY^ Zq ® Uq) 0eo)(X! ^9 ® "9)11 

qeJ qeJ 

< Y\\Zq\\-Ue{'^q)~MUq)\\<£- 
q&J 

Suppose that llt;lleo = 1 for some v E V. Say v = J^qej'^i ^ "9- Then \\vq\\ = 
\\vq ® Uq\\gg < 1 for each q £ J. Thus 

\\v\\g = \\{I(gcf>g)iv)\\<\\iI(g>Miv)-{I(gM^)\\ + \\iI(^Miv)\\ 
< e+ \\v\\g„ = £ + 1. 

Similarly, \\v\\g > 1—e. Therefore (1—£)11 -Heo < IHle < (1+£)11 • on ^ throughout 
U. Now suppose that Lg^iw) = 1 for some w £V . Say w = Soejr ^9 ® ^9- Then 
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by idil) \\dWq\\ = \\dVq (g) Uq\\e„ = LogiVq (g) Uq) < 1. Let W' = Z^gSjl'^'"^'?) "^Uq e 

J2qejCiM,CfM)®Uq. Then 

LeH \\w'\\e = \\iI®Miw')\\ 

> \\{I®M{w')\\-\\{I^cl)eo){w')-iI^M{^')\\ 
d 

> Lgg{v) - e = 1 - e. 

Therefore (1 — e)Leg < Lg on V throughout U. □ 

Combining [23 Lemma 4.4] and Lemma 111.21 together we see that the field 
{{{Wg, Lg\wg)}, {r^)sa) is a continuous field of compact quantum metric spaces. 
Let R — rM + C Jj,„ l{x) dx, where rj\/ is the radius of M equipped with the geodesic 
distance and the constant C was defined in Proposition 5.5]. At the end of 
[77| it was proved that the radius of {Wg, Lg\wf,) is no bigger than R for each 6. 
Let e > be given. Pick a finite subset C Z" for e in \27i Lemma 4.4]. Then 
dist^^{Wg,Vg) < dist^" {VR{Wg),VR{Vg)) < £ for all 6* G 9. Bv Lemmas lTOimni 
and TheoremOdist^q(Fe, as 6* — > 6'o. Thus there is a neighborhood U of 

9o such that dist^^{Vg, Vg^) < e throughout U. Then clearly dist^^{Wg, Wg^) < 3e 
throughout U. Therefore dist^q{Wg, Wg^) — > as 6* ^ 6*0. By Theorem 1 1.1 1 we get 
distoq(VFe, Wg^) — > 0. This finishes the proof of Theorem 1 1.41 
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